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Conformal geometry is the study of spaces in which one knows how to measure 
infinitesimal angles but not lengths. A conformal structure on a manifold is an 
equivalence class of Riemannian metrics, in which two metrics are identified if one 
is a positive smooth multiple of the other. The study of conformal geometry has 
^ I a long and venerable history. From the beginning, conformal geometry has played 

■ an important role in physical theories. 

A striking historical difference between conformal geometry compared with Rie- 
mannian geometry is the scarcity of local invariants in the conformal case. Clas- 
sically known conformally invariant tensors include the Weyl conformal curvature 
tensor, which plays the role of the Riemann curvature tensor, its three-dimensional 
analogue the Cotton tensor, and the Bach tensor in dimension four. Further exam- 
ples are not so easy to come by. By comparison, in the Riemannian case invariant 
tensors abound. They can be easily constructed by covariant differentiation of 
the curvature tensor and tensorial operations. The situation is similar for other 
types of invariant objects, for example for differential operators. Historically, there 
are scattered examples of conformally invariant operators such as the conformally 
invariant Laplacian and certain Dirac operators, whereas it is easy to write down 
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Riemannian invariant differential operators, of arbitrary orders and between a wide 
variety of bundles. 

In Riemannian geometry, not only is it easy to write down invariants, it can 
be shown using Weyl's classical invariant theory for the orthogonal group that all 
invariants arise by the covariant differentiation and tensorial operations mentioned 
above. In the case of scalar invariants, this characterization as "Weyl invariants" 
has had important application in the study of heat asymptotics: one can immedi- 
ately write down the form of coefficients in the expansion of heat kernels up to the 
determination of numerical coefficients. 

In |FG] . we outlined a construction of a nondegenerate Lorentz metric in + 2 
dimensions associated to an ra-dimensional conformal manifold, which we called 
the ambient metric. This association enables one to construct conformal invari- 
ants in n dimensions from pseudo- Riemannian invariants in n + 2 dimensions, and 
in particular shows that conformal invariants are plentiful. The construction of 
conformal invariants is easiest and most effective for scalar invariants: every scalar 
invariant of metrics in n + 2 dimensions immediately determines a scalar confor- 
mal invariant in n dimensions (which may vanish, however). For other types of 
invariants, for example for differential operators, some effort is required to derive a 
conformal invariant from a pseudo- Riemannian invariant in two higher dimensions, 
but in many cases this can be carried out and has led to important new examples. 

The ambient metric is homogeneous with respect to a family of dilations on 
the n + 2-dimensional space. It is possible to mod out by these dilations and 
thereby obtain a metric in n + 1 dimensions, also associated to the given conformal 
manifold in n dimensions. This gives the "Poincare" metric associated to the 
conformal manifold. The Poincare metric is complete and the conformal manifold 
forms its boundary at infinity. 

The construction of the ambient and Poincare metrics associated to a general 
conformal manifold is motivated by the conformal geometry of the fiat model, the 
sphere S^, which is naturally described in terms of n + 2-dimensional Minkowski 
space. Let 

n+1 
a=l 

be the standard Lorentz signature quadratic form on R"+^ and 

U= {a; G M"+' \ {0} : Q(x) = 0} 

its null cone. The sphere S"" can be identified with the space of lines in A/", with 
projection tt : A/" — S". Let 

a=l 
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be the associated Minkowski metric on ]R"+^. The conformal structure on 5"" 
arises by restriction of g to A/". More specifically, for x E M the restriction s^It^aa 
is a degenerate quadratic form because it annihilates the radial vector field X — 
Y7i=o^^9i ^ TxM. So qIt^m determines an inner product on T^Af/ span X = 
Tt:{x)S'^- As X varies over a line in jV, the resulting inner products on T^(^x)S'^ vary 
only by scale and are the possible values at 7r{x) for a metric in the conformal 
class on S"'. The Lorentz group 0(n + 1, 1) acts linearly on R"+^ by isometrics of g 
preserving J\f. The induced action on lines in J\f therefore preserves the conformal 
class of metrics and realizes the group of conformal motions of S'^. 
If instead of restricting g to N", we restrict it to the hyperboloid 

n = {xe M"+' : Q{x) = -1}, 

then we obtain the Poincare metric associated to S'^. Namely, g+ :— 'glrn is 
the hyperbolic metric of constant sectional curvature —1. Under an appropriate 
identification of one sheet of 7i with the unit ball in M*^"*"^, g^ can be realized as 
the Poincare metric 

n+l 

and has the conformal structure on S*" as conformal infinity. The action of 
0(n+ 1, 1) on M""*"^ preserves Ti. The induced action on 7i is clearly by isometrics 
of g+ and realizes the isometry group of hyperbolic space. 

The ambient and Poincare metrics associated to a general conformal manifold 
are defined as solutions to certain systems of partial differential equations with 
initial data determined by the conformal structure. Consider the ambient metric. 
A conformal class of metrics on a manifold M determines and is determined by 
its metric bundle an R+-bundle over M. This is the subbundle of symmetric 2- 
tensors whose sections are the metrics in the conformal class. In the case M = S'^, 
Q can be identified with M (modulo ±1). Regard ^ as a hypersurface in ^ x R: 
Q ^ Qx {0} C ^ X M. The conditions defining the ambient metric ]j are that it be a 
Lorentz metric defined in a neighborhood of ^ in ^ x R which is homogeneous with 
respect to the natural dilations on this space, that it satisfy an initial condition 
on the initial hypersurface Q determined by the conformal structure, and that 
it be Ricci-flat. The Ricci-flat condition is the system of equations intended to 
propagate the initial data off of the initial surface. 

This initial value problem is singular because the puUback of 'g to the initial sur- 
face is degenerate. However, for the applications to the construction of conformal 
invariants, it is sufficient to have formal power series solutions along the initial sur- 
face rather than actual solutions in a neighborhood. So we concern ourselves with 
the formal theory and do not discuss the interesting but more difficult problem of 
solving the equations exactly. 
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It turns out that the behavior of solutions of this system depends decisively on 
the parity of the dimension. When the dimension n of the conformal manifold is 
odd, there exists a formal power series solution 'g which is Ricci-flat to infinite order, 
and it is unique up to diffeomorphism and up to terms vanishing to infinite order. 
When n > 4 is even, there is a solution which is Ricci-flat to order n/2 — 1, uniquely 
determined up to diffeomorphism and up to terms vanishing to higher order. But 
at this order, the existence of smooth solutions is obstructed by a conformally 
invariant natural trace-free symmetric 2-tensor, the ambient obstruction tensor. 
When n = 4, the obstruction tensor is the same as the classical Bach tensor. 
When n = 2, there is no obstruction, but uniqueness fails. 

It may seem contradictory that for n odd, the solution of a second order initial 
value problem can be formally determined to infinite order by only one piece of 
Cauchy data: the initial condition determined by the conformal structure. In fact, 
there are indeed further formal solutions. These correspond to the freedom of a 
second piece of initial data at order n/2. When n is odd, n/2 is half-integral, 
and this freedom is removed by restricting to formal power series solutions. It is 
crucially important for the applications to conformal invariants that we are able 
to uniquely specify an infinite order solution in an invariant way. On the other 
hand, the additional formal solutions with nontrivial asymptotics at order n/2 are 
also important; they necessarily arise in the global formulation of the existence 
problem as a boundary value problem at infinity for the Poincare metric. When 
n is even, the obstruction to the existence of formal power series solutions can 
be incorporated into log terms in the expansion, in which case there is again a 
formally undetermined term at order n/2. 

The formal theory described above was outlined in |FG] . but the details were 
not given. The first main goal of this monograph is to provide these details. We 
give the full infinite-order formal theory, including the freedom at order n/2 in all 
dimensions and the precise description of the log terms when n > 4 is even. This 
formal theory for the ambient metric forms the content of Chapters [2] and [31 The 
description of the solutions with freedom at order n/2 and log terms extends and 
sharpens results of Kichenassamy [Kj. Convergence of the formal series determined 
by singular nonlinear initial value problems of this type has been considered by 
several authors; these results imply that the formal series converge if the data are 
real- analytic. 

In Chapter HI we define Poincare metrics: they are formal solutions to the 
equation Hic{g+) = —ng+, and we show how Poincare metrics are equivalent to 
ambient metrics satisfying an extra condition which we call straight. Then we use 
this equivalence to derive the full formal theory for Poincare metrics from that for 
ambient metrics. We discuss the "projectively compact" formulation of Poincare 
metrics, modeled on the Klein model of hyperbolic space, as well as the usual 
conformally compact picture. As an application of the formal theory for Poincare 
metrics, in Chapter [5] we present a formal power series proof of a result of LeBrun 
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[LeB] asserting the existence and uniqueness of a real-analytic self-dual Einstein 
metric in dimension 4 defined near the boundary with prescribed real-analytic 
conformal infinity. 

In Chapter U\ we analyze the ambient and Poincare metrics for locally confor- 
mally flat manifolds and for conformal classes containing an Einstein metric. The 
obstruction tensor vanishes for even dimensional conformal structures of these 
types. We show that for these special conformal classes, there is a way to uniquely 
specify the formally undetermined term at order n/2 in an invariant way and 
thereby obtain a unique ambient metric up to terms vanishing to infinite order 
and up to diffeomorphism, just like in odd dimensions. We derive a formula of 
Skenderis and Solodukhin |SS] for the ambient or Poincare metric in the locally 
conformally fiat case which is in normal form relative to an arbitrary metric in 
the conformal class, and prove a related unique continuation result for hyperbolic 
metrics in terms of data at conformal infinity. The case n = 2 is special for all 
of these considerations. We also derive the form of the GJMS operators for an 
Einstein metric. 

In |FG] . we conjectured that when n is odd, all scalar conformal invariants arise 
as Weyl invariants constructed from the ambient metric. The second main goal 
of this monograph is to prove this together with an analogous result when n is 
even. These results are contained in Theorems 19.21 19. 3[ and 19. 4[ When n is even, 
we restrict to invariants whose weight w satisfies —w < n because of the finite 
order indeterminacy of the ambient metric: Weyl invariants of higher negative 
weight may involve derivatives of the ambient metric which are not determined. A 
particularly interesting phenomenon occurs in dimensions n = mod 4. For all n 
even, it is the case that all even (i.e. unchanged under orientation reversal) scalar 
conformal invariants with —w < n arise as Weyl invariants of the ambient metric. 
If ?7, = 2 mod 4, this is also true for odd (i.e. changing sign under orientation 
reversal) scalar conformal invariants with —w < n (in fact, these all vanish). But 
if 77. = mod 4, there are odd invariants of weight —n which are exceptional in the 
sense that they do not arise as Weyl invariants of the ambient metric. The set of 
such exceptional invariants of weight —n consists precisely of the nonzero elements 
of the vector space spanned by the Pontrjagin invariants whose integrals give the 
Pontrajgin numbers of a compact oriented n-dimensional manifold (Theorem 19. 3p . 

The parabolic invariant theory needed to prove these results was developed in 
[BEGrj . including the observation of the existence of exceptional invariants. But 
substantial work is required to reduce the theorems in Chapter [9] to the results 
of [BEGrj . To understand this, we briefly review how Weyl's characterization of 
scalar Riemannian invariants is proved. 

Recall that Weyl's theorem for even invariants states that every even scalar Rie- 
mannian invariant is a linear combination of complete contractions of the form 
contr (V^-R ® ■ ■ ■ ® V-^-R) , where the are nonnegative integers, V^i? denotes 
the r-th covariant derivative of the curvature tensor, and contr denotes a metric 
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contraction with respect to some pairing of all the indices. There are two main 
steps in the proof of Weyl's theorem. The first is to show that any scalar Riemann- 
ian invariant can be written as a polynomial in the components of the covariant 
derivatives of the curvature tensor which is invariant under the orthogonal group 
0{n). Since a Riemannian invariant by definition is a polynomial in the Taylor 
coefficients of the metric in local coordinates whose value is independent of the 
choice of coordinates, one must pass from Taylor coefficients of the metric to co- 
variant derivatives of curvature. This passage is carried out using geodesic normal 
coordinates. We refer to the result stating that the map from Taylor coefficients of 
the metric in geodesic normal coordinates to covariant derivatives of curvature is 
an 0(n)-equivariant isomorphism as the jet isomorphism theorem for Riemannian 
geometry. Once the jet isomorphism theorem has been established, one is left with 
the algebraic problem of identifying the 0(n)-invariant polynomials in the covari- 
ant derivatives of curvature. This is solved by Weyl's classical invariant theory for 
the orthogonal group. 

In the conformal case, the role of the covariant derivatives of the curvature tensor 
is played by the covariant derivatives of the curvature tensor of the ambient metric. 
These tensors are of course defined on the ambient space. But when evaluated on 
the initial surface, their components relative to a suitable frame define tensors 
on the base conformal manifold, which we call conformal curvature tensors. For 
example, the conformal curvature tensors defined by the curvature tensor of the 
ambient metric itself (i.e. with no ambient covariant derivatives) are the classical 
Weyl, Cotton, and Bach tensors (except that in dimension 4, the Bach tensor 
does not arise as a conformal curvature tensor because of the indeterminacy of 
the ambient metric). The covariant derivatives of curvature of the ambient metric 
satisfy identities and relations beyond those satisfied for general metrics owing 
to its homogeneity and Ricci-fiatness. We derive these identities in Chapter [61 
We also derive the transformation laws for the conformal curvature tensors under 
conformal change. Of all the conformal curvature tensors, only the Weyl tensor 
(and Cotton tensor in dimension 3) are conformally invariant. The transformation 
law of any other conformal curvature tensor involves only first derivatives of the 
conformal factor and "earlier" conformal curvature tensors. These transformation 
laws may also be interpreted in terms of tractors. When n is even, the definitions of 
the conformal curvature tensors and the identities which they satisfy are restricted 
by the finite order indeterminacy of the ambient metric. The ambient obstruction 
tensor is not a conformal curvature tensor; it lies at the boundary of the range 
for which they are defined. But it may be regarded as the residue of an analytic 
continuation in the dimension of conformal curvature tensors in higher dimensions 
(Proposition 16. 7p . 

Having understood the properties of the conformal curvature tensors, the next 
step in the reduction of the theorems in Chapter M to the results of |BEGrj is to 
formulate and prove a jet isomorphism theorem for conformal geometry, in order 
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to know that a scalar conformal invariant can be written in terms of conformal 
curvature tensors. The Taylor expansion of the metric on the base manifold in 
geodesic normal coordinates can be further simplified since one now has the free- 
dom to change the metric by a conformal factor as well as by a diffeomorphism. 
This leads to a "conformal normal form" in which part of the base curvature is 
normalized away to all orders. Then the conformal jet isomorphism theorem states 
that the map from the Taylor coefficients of a metric in conformal normal form 
to the space of all conformal curvature tensors, realized as covariant derivatives 
of ambient curvature, is an isomorphism. Again, the spaces must be truncated 
at finite order in even dimensions. The proof of the conformal jet isomorphism 
theorem is much more involved than in the Riemannian case; it is necessary to 
relate the normalization conditions in the conformal normal form to the precise 
identities and relations satisfied by the ambient covariant derivatives of curvature. 
We carry this out in Chapter [H] by making a direct algebraic study of these relations 
and of the map from jets of normalized metrics to conformal curvature tensors. A 
more conceptual proof of the conformal jet isomorphism theorem due to the second 
author and K. Hirachi uses an ambient lift of the conformal deformation complex 
and is outlined in |Gr3] . 

The orthogonal group plays a central role in Riemannian geometry because it is 
the isotropy group of a point in the group of isometrics of the fiat model M". The 
analogous group for conformal geometry is the isotropy subgroup P C 0(n + 1, 1) 
of the conformal group fixing a point in 5*", i.e. a null line. Because of its algebraic 
structure, P is referred to as a parabolic subgroup of 0(ri + 1, 1). Just as geodesic 
normal coordinates are determined up to the action of 0{n) in the Riemannian 
case, the equivalent conformal normal forms for a metric at a given point are 
determined up to an action of P. Since P is a matrix group in n + 2 dimensions, 
there is a natural tensorial action of P on the space of covariant derivatives of 
ambient curvature, and the conformal transformation law for conformal curvature 
tensors established in Chapter [H] implies that the map from jets of metrics in 
conformal normal form to conformal curvature tensors is P-equivariant. 

The jet isomorphism theorem reduces the study of conformal invariants to the 
purely algebraic matter of understanding the P-invariants of the space of covariant 
derivatives of ambient curvature. This space is nonlinear since the Ricci identity 
for commuting covariant derivatives is nonlinear in curvature and its derivatives. 
The results of |BEGr] identify the P-invariants of the linearization of this space. 
So the last steps, carried out in Chapter [9l are to formulate the results about 
scalar invariants, to use the jet isomorphism theorem to reduce these results to 
algebraic statements in invariant theory for P, and finally to reduce the invariant 
theory for the actual nonlinear space to that for its linearization. The treatment 
in Chapters [S] and M is inspired by, and to some degree follows, the treatment in 
[F] in the case of CR geometry. 
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Our work raises the obvious question of extending the theory to higher orders 
in even dimensions. This has recently been carried out by the second author 
and K. Hirachi. An extension to all orders of the ambient metric construction, 
jet isomorphism theorem, and invariant theory has been announced in |GrH2j . 
[Gr3j inspired by the work of Hirachi [Hi] in the CR case. The log terms in 
the expansion of an ambient metric are modified by taking the log of a defining 
function homogeneous of degree 2 rather than homogeneous of degree 0. This 
makes it possible to define the smooth part of an ambient metric with log terms 
in an invariant way. The smooth part is smooth and homogeneous but no longer 
Ricci flat to infinite order. There is a family of such smooth parts corresponding 
to different choices of the ambiguity at order njl. They can be used to formulate 
a jet isomorphism theorem and to construct invariants, and the main conclusion 
is that up to a linear combination of finitely many exceptional odd invariants in 
dimensions n = mod 4 which can be explicitly identified, all scalar conformal 
invariants arise from the ambient metric. An alternate development of a conformal 
invariant theory based on tractor calculus is given in general dimensions in |Golj . 

A sizeable literature concerning the ambient and Poincare metrics has arisen 
since the publication of [FG] . The subject has been greatly stimulated by its 
relevance in the study of the AdS / CFT correspondence in physics. We have tried 
to indicate some of the most relevant references of which we are aware without 
attempting to be exhaustive. 

A construction equivalent to the ambient metric was derived by Haantjes and 
Schouten in [HSj . They obtained a version of the expansion for straight ambient 
metrics, to infinite order in odd dimensions and up to the obstruction in even 
dimensions. In particular, they showed that there is an obstruction in even di- 
mensions > 4 and calculated that it is the Bach tensor in dimension 4. They 
observed that the obstruction vanishes for conformally Einstein metrics and in 
this case derived the conformally invariant normalization uniquely specifying an 
infinite order ambient metric in even dimensions. They also obtained the infinite- 
order expansion in the case of dimension 2, including the precise description of the 
non-uniqueness of solutions. Haantjes and Schouten did not consider applications 
to conformal invariants and, unfortunately, it seems that their work was largely 
forgotten. 

We are grateful to the National Science Foundation for support. In particular, 
the second author was partially supported by NSF grant DMS 0505701 during 
the preparation of this manuscript. 

Throughout, by smooth we will mean infinitely differentiable. Manifolds are 
assumed to be smooth and second countable; hence paracompact. Our setting 
is primarily algebraic, so we work with metrics of general signature. In tensorial 
expressions, we denote by parentheses (ijfc) symmetrization and by brackets [ij'A;] 
skew-symmetrization over the enclosed indices. 
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2. Ambient Metrics 

Let M be a smooth manifold of dimension n > 2 equipped with a conformal 
class [g] . Here, g is a. smooth pseudo-Riemannian metric of signature (p, q) on M 
and [g] consists of all metrics 

9^e g 

on M, where T is any smooth real-valued function on M. 

The space Q consists of all pairs {h,x), where x e M, and /i is a symmetric 
bilinear form on T^M satisfying h = s'^g^ for some s G M+. Here and below, g^ 
denotes the symmetric bilinear form on T^M induced by the metric g. We write 
71 : Q ^ M for the projection map {h,x) i-^ x. Also, for s G M+, we define the 
"dilation" : ^ — > ^ by setting 5s{h,x) — {s^h,x). The space Q, equipped with 
the projection vr and the dilations (5s)seK+! is an R_|_-bundle. We call it the metric 
bundle for (Af, \g]). We denote by T = ■j^5s\s=i the vector field on Q which is the 
infinitesimal generator of the dilations 5s- 

There is a tautological symmetric 2-tensor gg on Q, defined as follows. Let 
z — {h, x) G Q, and let tt* : TQ — > TM be the differential of the map tt. Then, for 
tangent vectors X, "K G T^G^ we define go(X, F) = /i(7r*X, vr^F). The 2-tensor go 
is homogeneous of degree 2 with respect to the dilations 5s- That is, (5*go = s^go- 
One checks easily that the M+-bundle ^, the maps 5s and tt, and the tautological 
2-tensor go on ^, all depend only on the conformal class [g], and are independent 
of the choice of the representative g- However, once we fix a representative g, we 
obtain a trivialization of the bundle Q- In fact, we identify 

{t, x) G M+ X M with {t^g^, x) E Q - 

In terms of this identification, the dilations Sg, the projection tt, the vector field 
T, and the tautological 2-tensor go are given by 

5s •- {t,x) t-^ {st,x), TT : {t,x)t-^x, T^tdt, go^t\*g- 

The metric g can be regarded as a section of the bundle Q- The image of this 
section is the submanifold of Q given hy t — 1. The choice of g also determines 
a horizontal subspace Tiz C TzQ for each z E Q, namely Tiz = ker{dt)z- In terms 
of another representative 'g = e^'^ g of the same conformal class, we obtain another 
trivialization of ^, by identifying 

(t; x) G M+ X M with (?^^, x) eg - 

The two trivializations are then related by the formula 

(2.1) f = e-^(^)i for {t, x) G R+ x M. 

If ( • • • , x^) are local coordinates on an open set U in M, and if g is given in 
these coordinates as g — gij{x)dx^dx^ , then {t,x^ ■ ■ • , x") are local coordinates on 



10 



CHARLES FEFFERMAN AND C. ROBIN GRAHAM 



7r~^{U), and go is given by 

go = t'^gij{x)dx^dx^ . 

The horizontal subspace Tiz is the span of {d^^, ■ ■ ■ , dx"}- 

Consider now the space ^ x M. We write points of ^ x M as {z, p), with z & Q, 
p e R. The dilations 5s extend to ^ x R acting in the first factor alone, and 
we denote these dilations also by Sg. The infinitesimal dilation T also extends 
to ^ X R. We imbed Q into g x R hj l : z {z,(}) for z e Q. Note that t 
commutes with dilations. If is a representative for the conformal structure with 
associated fiber coordinate t, and if {x^,--- ,x"') are local coordinates on M as 
above, then {t,x^, • • • are local coordinates on ^ x R. We use to label 

the t-component, oo to label the p-component, lower case Latin letters for M, 
and capital Latin letters for ^ x R. Even without a choice of coordinates on 
M, we can use 0, i, oo as labels for the components relative to the identification 
^ X R ~ R+ X M X R induced by the choice of representative metric g. Such an 
interpretation is coordinate-free and global on M. 

Definition 2.1. A pre-ambient space for (M, [g]), where [g] is a conformal class of 
signature (p, q) on M, is a pair {g,g), where: 

(1) ^ is a dilation-invariant open neighborhood of ^ x {0} in ^ x R; 

(2) g is a, smooth metric of signature {p + l,q + 1) on Q; 

(3) g is homogeneous of degree 2 on ^ (i.e., 5*g — s^g, for s e R+); 

(4) The puUback i*g is the tautological tensor go on Q. 

If {Q, 'g) is a pre-ambient space, the metric g is called a pre-ambient metric. If the 
dimension n of M is odd or n = 2, then a pre-ambient space {G,^ is called an 

ambient space for (M, [g]) provided we have 

(5) Ric(5i) vanishes to infinite order at every point of ^ x {0}. 

We prepare to define ambient spaces in the even-dimensional case. Let Sjj be a 
symmetric 2-tensor field on an open neighborhood of ^ x {0} in ^ x R. For m > 0, 
we write Su = Of/p"") if: 

(i) Sij = 0{p^y, and 

(ii) For each point z E the symmetric 2-tensor (t*(p"™5'))(;2) is of the form 
7r*s for some symmetric 2-tensor s at x — 7r{z) e M satisfying tr^^ s — 0. 
The symmetric 2-tensor s is allowed to depend on z, not just on x. 

In terms of components relative to a choice of representative metric g, Sjj = 
Ofjlp"^) if and only if all components satisfy Sjj = 0{p™') and if in addition one 
has that Sqq, Soi and g'^^Sij are 0{p™'^^). The condition Sjj = Ofj{p™') is easily 
seen to be preserved by diffeomorphisms on a neighborhood of ^ x {0} in ^ x R 
satisfying (f)\gx{o} = identity. 
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Now suppose {G,g) is a pre-ambient space for (M, [g]), with n = dimM even 
and > 4. We say that {Q,g) is an ambient space for (M, [g]), provided we have 
(5') Ric(^) = 0+ 

If [Q, g) is an ambient space, the metric g is called an ambient metric. 
Next, we define a notion of ambient equivalence for pre-ambient spaces. 

Definition 2.2. Let {Qi,gi) and (^2,5'2) be two pre-ambient spaces for (M, [g]). 
We say that {Qi,gi) and (^2,5'2) are ambient- equivalent if there exist open sets 
lAi d Qi,lA2 C. Q2 and a diffeomorphism (p -.lAi — > W2, with the following properties: 

(1) Ui and U2 both contain ^ x {0}; 

(2) Ui and W2 are dilation-invariant and commutes with dilations; 

(3) The restriction of to ^ x {0} is the identity map; 

(4) lin = dim M is odd, then 'gi — (j)*g2 vanishes to infinite order at every point 
of ^ X {0}. 

(4') If n = dimM is even, then gi — (f)*g2 = Ofj{p'^^'^). 

It is easily seen that ambient-equivalence is an equivalence relation. 
One of the main results of this monograph is the following. 

Theorem 2.3. Let (M, [g]) be a smooth manifold of dimension n > 2, equipped 
with a conformal class. Then there exists an ambient space for (M, [g]). Moreover, 
any two ambient spaces for (M, [g]) are ambient-equivalent. 

It is clear when n is odd that a pre-ambient space is an ambient space provided 
it is ambient-equivalent to an ambient space. The kinds of arguments we use in 
Chapter [3] can be used to show that this is also true if n is even and n > 4. Thus 
for n > 2, an ambient space for (M, [g]) is determined precisely up to ambient- 
equivalence. This is clearly not true when n = 2: changing the metric at high 
finite order generally affects the infinite-order vanishing of the Ricci curvature. 
The uniqueness of ambient metrics when n = 2 will be clarified in Theorem 13. 7[ 

Our proof of Theorem 12.31 will establish an additional important property of 
ambient metrics. In Chapter [3] we will prove the following two Propositions. 

Proposition 2.4. Let {G,g) be a pre-ambient space for {M,[g]). There is a 
dilation-invariant open set U d Q containing Q x {0} such that the following three 
conditions are equivalent. 

(1) VT = Id onU. 

(2) 2T jg = d{\\Tf) onU. 

(3) For each p & the parametrized dilation orbit s 1— » 5sP is a geodesic for g. 

In (IjjV denotes the covariant derivative with respect to the Levi-Civita connection 
ofg. So VT is a (1, l)-tensor on U, and the requirement is that it be the identity 
endomorphism at each point. In (2), ||T||^ = g{T,T). 
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Definition 2.5. A pre-ambient space {G,g) for (M, [g]) will be said to be straight 
if the equivalent properties of Proposition 12.41 hold with U = Q. In this case, the 
pre-ambient metric ^ is also said to be straight. 

Note that if {Q^'g) is a straight pre-ambient space for (M, [g]) and is a diffeo- 
morphism of a dilation-invariant open neighborhood U oi Q ^ {0} into Q which 
commutes with dilations and satisfies that 0|gx{o} is the identity map, then the 
pre-ambient space (W, 0*^') is also straight. 

Proposition 2.6. Let (M, [g]) he a smooth manifold of dimension n > 2 equipped 
with a conformal class. Then there exists a straight ambient space for (M, [g]). 
Moreover, ifg is any ambient metric for (M, [g]), there is a straight ambient metric 
g' such that if n is odd, then g — g' vanishes to infinite order at Q x {0}, while if 
n is even, then ]] — ]]' = Ofj{p"^'^). 

Because of Proposition 12.61 one can usually restrict attention to straight ambient 
spaces. Observe that the second statement of Proposition 12.61 follows from the 
first statement, the uniqueness up to ambient-equivalence in Theorem 12. 3[ and the 
diffeomorphism-invariance of the straightness condition. 

In this chapter, we will begin the proof of Theorem 12.31 by using a diffeomor- 
phism to bring a pre-ambient metric into a normal form relative to a choice of 
representative of the conformal class. Chapter [3] will analyze metrics in that nor- 
mal form and complete the proof of Theorem 12. 3[ We start by formulating the 
normal form condition. 

Definition 2.7. A pre-ambient space {G,g) for (M, [g]) is said to be in normal 
form relative to a representative metric g if the following three conditions hold: 

(1) For each fixed z & Q, the set of all p G M such that {z,p) G ^ is an open 
interval 1^ containing 0. 

(2) For each z E Q, the parametrized curve 1^ 3 p ^ (-2,p) is a geodesic for 
the metric 'g. 

(3) Let us write (t, x, p) for a point of R+ xMx]R~^xM under the iden- 
tification induced by g, as discussed above. Then, at each point (t, x, 0) G 
Q X {0}, the metric tensor 7j takes the form 

(2.2) g= go + 2tdtdp. 

The main result proved in this chapter is the following. 

Proposition 2.8. Let (M, [g]) be a smooth manifold equipped with a conformal 
class, let g be a representative of the conformal class, and let {Q,g) be a pre-ambient 
space for (M, [g]). Then there exists a dilation-invariant open set U C ^ x M 
containing Q x {0} on which there is a unique diffeomorphism from U into Q , 
such that commutes with dilations, 0|gx{o} the identity map, and such that the 
pre-ambient space {U,(j)*g) is in normal form relative to g. 
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Thus, once we have picked a representative g of the conformal class [g], we can 
uniquely place any given pre-ambient metric into normal form by a diffeomorphism 
0. In Proposition 12.81 note that {U,(j)*g) is ambient-equivalent to {Q,g)- 
In Chapter [3] below, we will establish the following result. 

Theorem 2.9. Let M be a smooth manifold of dimension n > 2 and g a smooth 
metric on M. 

(A) There exists an ambient space {Q,g) for (M, [g]) which is in normal form 
relative to g. 

(B) Suppose that {Gi,gi) and (02,92) are two ambient spaces for (M, [g]), both 
of which are in normal form relative to g. If n is odd, then gi —g2 vanishes 
to infinite order at every point of Q x {0}. // n is even, then gi —g2 = 
0+(p«/2). 

Proof of Theorem \2.3\ using Proposition \2.8\ and Theorem \2.{A Given (M, [^f]), we 
pick a representative g and invoke Theorem 12.9( A). Thus, there exists an ambient 
space for (M, [g]). For the uniqueness, let {Qi.'gi) and (^2,5^2) be ambient spaces 
for (M, [g\). Again, we pick a representative g. Applying Proposition 12. 8[ we find 
that {Qii'gi) is ambient-equivalent to an ambient space in normal form relative to 
g. Similarly, (^2,5'2) is ambient-equivalent to an ambient space also in normal form 
relative to g. Theorem 12.9( B) shows that these two ambient spaces in normal form 
are ambient-equivalent. Consequently, {Qi.'gi) is ambient-equivalent to (^2,5'2)- D 

The rest of this chapter is devoted to the proof of Proposition 12.81 We first 
formulate a notion which will play a key role in the proof. Let (M, [g]) be a 
conformal manifold, let {Gi'g) be a pre-ambient space for (M, [(;]), and let g be 
a metric in the conformal class. Recall that g determines the fiber coordinate 
t : Q ^ R+ and the horizontal subbundle Ti = keT{dt) C TQ. For z & Q, we may 
view Hz as a subspace of T(2 0)(^ x K) via the inclusion t : Q —>■ Q x M. For z E Q, 
we say that a vector V G T(^z,o){G x M) is a (7-transversal for 'g at {z, 0) if it satisfies 
the following conditions. 

giV,T)=t' 

(2.3) giV, X) = for all X e 

g{V,V) = 0. 

In the first line, t denotes the fiber coordinate for the point z. The motivation for 
this definition is the observation that V = dp is a ^f-transversal for g ii g satisfies 
condition (3) of Definition 12. 7[ In general we have the following elementary result. 

Lemma 2.10. For each z & Q , there exists one and only one g-transversal for 
g at {z,0). Moreover, Vz is transverse to Q x {0}, Vz depends smoothly on z, and 
Vz is dilation-invariant in the sense that {6s)* Vz = ^5^(2) for s G M+ and z & Q . 
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Proof. Recall the identification ^ x M ~ x M x M determined hy g. In terms 
of the coordinates {t,x\ p) induced by a choice of local coordinates on M, we can 
express V = V'^dt + V^d^i + V°^dp. We can also express g in these coordinates. By- 
condition (4) of Definition 12.11 at a point (t, x, 0), 'g takes the form 

'g = t'^gij{x)dx^dx^ + 2gQoodtdp + 2gjoodx^dp + goooo{dpY 

where gooo, djoo and gcxjoo depend on {t, x). Nondegeneracy of g implies that ^fooo 7^ 
0. The conditions fl2.3p defining a gf-transversal become 

goocV^ = t, fgijV' + gj^V^ = 0, 

2^000 V^V°° + eg^.V'V' + 2g,^V'V^ + goooo{V^? = 0. 

It is clear that these equations can be successively solved uniquely for V^°°, V^°, 
and the other conclusions of Lemma 12.101 follow easily from the smoothness and 
homogeneity properties defining a pre- ambient space. □ 

Proof of Proposition For z & let be the ^f-transversal for Tj at (2, 0) given 
by Lemma I2.10[ Let A y-^ (f){z, A) G ^ be a (parametrized) geodesic for g, with 
initial conditions 

(2.4) (j){z,0) = {z,0) 9a0(z,A)U=o = 

Since g needn't be geodesically complete, (f){z, A) is defined only for {z, A) in an 
open neighborhood of ^ x {0} in ^ x M. Since g and Vz are homogeneous with 
respect to the dilations, we may take Uq to be dilation-invariant. Thus, (j) -.Uq Q 
is a smooth map, commuting with dilations, and satisfying (12.41) . 

Since is transverse to ^ x {0}, it follows that Ui = {{z, X) eUq : det 4>'{z, A) 7^ 
0} is a dilation-invariant open neighborhood of ^ x {0} in Uq. Thus, is a local 
diffeomorphism from Ui into Q, commuting with dilations. Moreover, by definition 
of 0, we have: 

Let z E Q and let / be an interval containing 0. Assume that {z, A) G Ui for 
all A G /. Then I 3 X (j){z, A) is a geodesic for ^f, with initial conditions 

The map (j) need not be globally one-to-one on Ui. However, arguing as in the 
proof of the Tubular Neighborhood Theorem (see, e.g. [L]), one concludes that 
there exists a dilation- invariant open neighborhood of ^ x {0} in Wi, such that 
(t)\u2 is globally one-to-one. Thus, is a diffeomorphism from U2 to a dilation- 
invariant open subset of Q containing Q x {0}. 

Next, we define W = {(2;, A) G W2 : {z, p) G U2 for all /i G M for which \p\ < |A|}. 
Thus, W is a dilation-invariant open neighborhood of ^ x {0} in W2. Moreover, 
for each fixed z E {A G M : (2, A) G is an open interval containing 0. It 
follows that for each fixed ^ G ^, the parametrized curve 9 A ^— > ^(z. A) is a 
geodesic for the metric 'g. 
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Since {G,g) is a pre-ambient space for (M, [g]), so is (U,(j)*g). For each fixed 
z E Q, the parametrized curve 1^ 3 X ^ {z, A) is a geodesic for (l)*g. From the facts 
that V satisfies f l2.3p and (p satisfies (12.41) . it follows that under the identification 
M+xMxR^^xR induced by g, we have at A = 0: 

{<P*g){dx,T) = t', 

(0*5^)(9a,X) = O for XgTM, 

{4>*g){dx,dx) = 0. 

Together with property (4) of Defintion 12. II of the pre-ambient space {G,g), these 
equations show that (f)*g = go + 2t dt dX when A = 0. This establishes the existence 
part of Proposition 12.81 The uniqueness follows from the fact that the above 
construction of is forced. If is any diffeomorphism with the required properties, 
then at p = 0, is a ^f-transversal for g, so must be V. Then for z E Q, the 

curve Iz 3 X (f){z, A) must be the unique geodesic satisfying the initial conditions 
(12. 4p . These requirements uniquely determine (p onU. □ 

3. Formal theory 

The first goal of this chapter is to prove Theorem 12.91 for n > 2. We begin with 
the following Lemma. 

Lemma 3.1. Let {Q,g) be a pre-ambient space for (M, [g]), where Q has the prop- 
erty that for each z E Q, the set of all p E M. such that {z,p) E Q is an open 
interval 1^ containing 0. Let g be a metric in the conformal class, with associated 
identification IR+ x Af x M ~ ^ x M. Then {Q,g) is in normal form relative to g 
if and only if one has on Q : 

(3.1) gooo = t, gioo = 0, goooo = 0. 

Proof. Since a pre-ambient metric satisfies L*g = go, if g satisfies (13. ip . then it has 
the form (12.20 at p = 0. Thus we must show that for g satisfying (12. 2|) at p = 0, 
the condition that the lines p 3 I(^t,x) (t, x, p) are geodesies for g is equivalent to 
(13. ip . Now the p-lines are geodesies if and only if Foooo/ = 0, where Tjjk = gxL^fj 
and Tfj are the usual Christoffel symbols for g. Taking I = oo gives dpg^ooo = 0, 
which combined with fi^x)oo|p=o = from (12.21) yields fifoooo = 0. Now taking I = i 
and J = and using (12.20 gives gc>oi = and 5^000 = t- D 

The case n = 2 is exceptional for Theorem 12.91 We give the proof for n > 2 
now; a sharpened version for n = 2 will be given in Theorem 13.71 

Proof of Theorem \2.9\ for n > 2. Given M and a metric g on M, we must con- 
struct a smooth metric g on a suitable neighborhood Q of ]R_|_ x M x {0} with the 
properties: 
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{l)5Jg = s^g, s>0 

(2) g = t^g{x) + 2t dt dp when p = 

(3) For each {t, x), the curve p — > {t, x, p) is a geodesic for 'g 

(4) If n is odd, then Ric(5') = to infinite order at p = 
(4') If n is even, then Ric(5^) = 0+;(p"/2-i). 

Also we must show that if n is odd, then such a metric is uniquely determined to 
infinite order at p = 0, while if n even, then it is determined modulo 0/j(p'^/^). 

Lemma l3.ll enables us to replace (3) above with (13.11) . Thus the components 
'gioo are determined. We consider the remaining components of 'g as unknowns, 
subject to the homogeneity conditions determined by (1) above. Then (2) can be 
interpreted as initial conditions and the equation Ric(5') = as a system of partial 
differential equations to be solved formally. 

Set ^^oo = S'oi = ih and 'gij = t'^gij, where all of a, bi, gij are functions of (x, p). 
Condition (2) gives at p = 0: a = 0, 6j = and g^j is the given metric. In order 
to determine the first derivatives of a,bi,gij at p = 0, we calculate at p = the 
components Rjj = Ric/j(5') for J, J 7^ oo. This is straightforward but tedious. We 
have 

/ \ 

(3.2) g^-^ = { t-^g'^ 

\t-^ t-^{bkb^-a)j 



and in particular at p = we have 








t-^g'^ 








The Christoffel symbols are given by: 







2T1J0 = dia t{djbi + dibj - 2g 



dpa 
2bk - dka 

(3.3) 2r jjk = I t{dibk - dkh + 2gik 

tdpbk 

'2 



3 

tdpbj 



dpa 
tdpbi 




2r 



/ Joo 



— dpa 
-tdpbi 




t{djbk - dkbj + 2gjk) 

2^ ^ijk 

t^dpgjk 
0^ 



-tdpbj 
-t^dpgij 




tdpbk 
t'^dpgik 
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where in the second equation the Fj^fc refers to the Christoffel symbol of the metric 
gij with p fixed. The Ricci curvature is given by: 

Rij = kg^^ {dhdJK +d]K9iL - d^Lgij - djjgKi) 

+ 99 I J- ILPi- JKQ — J- IJPi- KLQ 

Computing this using the above gives at p = 0: 

(3-5) R,, = i {dla - nd,h) , 

Rij = I [{dpa - n)dpgij - g^^dpQkigij + ^ jOph + Vi(9p6j - dphidphj\ + 

where in the last equation Rij refers to the Ricci curvature of the initial metric 
and Vj denotes the covariant derivative with respect to its Levi-Civita connection. 
Setting these to successively shows that the vanishing of these components of 
Rij at p = is equivalent to the conditions: 



a = 2p + 0(p2), hi = 0{p^) 
QijiyX, p) = gij{x) + 2Pij{x)p + 0{p^ 



(3-6) , , 2^ 



where 

(3.7) P., = {n- 2)-' (^R, - ^(^^^7.,) • 

Next we carry out an inductive perturbation calculation for higher orders. Sup- 
pose for some m > 2 that gf] is a metric satisfying (13. ip . (13. 6p . Set g\"^^ = 
~{rn-i) _j_ ^^^^ where 




(3.8) ^ij = p" 

and the 0/j are functions of (x, p). From (13. 4p it follows that 

+9^ ^9^^ [^ILP^JKQ + ^flP^JKQ - ^IJP^KLQ " ^fjP^KLQj + 0{p'' 
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where g^^ and Tabc refer to the metric g^/]\ and 2rf'j^ = dj^iK+dj^jK—dx^ij- 
These are given modulo 0{p'^) by: 



9r* 



(3.10) 2T 
































dp^ok 








dp^ik 










IJk 



-dp^oo -dp%j 0^ 



0^ 

On the right hand side of (13. 9p . one can take for g^^ and Tabc the quantities 
obtained by substituting (13. 6p into (13.21) . (13.31) . Calculating, one finds 

t'R^^^ = ent^-'^ +m{m-l- f )p™-Voo + 0(p"^), 

mt:^ = t^Jr'^ + m(m - 1 - f )p'""Vo. + f p'^-'S.^oo + 0(p'"), 

^S;) = ^1;-^) + mp'-i [(m - 1)0,, - 

(3.11) +|(V,0o. + V.0O,) + Pi,0oo] + 0{p^) 

tRl^ = tRt^-'^ + m(m - l)p'"-^0oo/2 + O(p--i) 

= + ^(^ - l)p"^-Vo./2 + ©(p™-!) 

= ^^o^'^ - - l)p™-'^?'=Vfc^/2 + O(p-i). 

We first consider only the components Ru with /, J ^ oo. Suppose inductively 
that ^('""^^ has been determined so that Ric/j(5'*^™'~^'') = 0(p™^^) for I^J^ oo, 
and that uniquely determined modulo 0{p"^) by this condition and (13. ip . 

Define S^^'") as above. If n is odd or if n is even and m < n/2, then the coefficient 
m — 1 — 77-/2 appearing in the first two formulae of (13.110 does not vanish, so one 
can uniquely choose 0oo and (poi at p = to make R^^^ and R^^^ be 0{p"^). The 
map (pij — i> (m — n/2)(j)ij — \g'^^(t>kigij is bijective on symmetric 2-tensors unless 

m = n/2 or m = n, so except for these m one can similarly make R^-^^ = 0{p^). 
Thus the induction proceeds up to m < 72/2 for n even and up to m < n for n 
odd. Consider the next value of m in each case. For n even and m = n/2, one can 
uniquely determine 0oo and 0oj at p = to make i?oo; Rqi = 0(p"/^) just as before. 
In addition, one can choose g''^(l)ij to guarantee that g'^^Rij = 0{p'^/'^). Thus for n 
even, we deduce that gu mod 0~^j{p'^f'^) is uniquely determined by the condition 
Rij = Ojj{p''/'^-^) for /, J 7^ oo. For n odd and m = n, one can again uniquely 
determine 0oo and 0oi at p = to make i^oo, -Roi = 0{p"'), and now can uniquely 
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determine the trace-free part of (pij to guarantee that Rij = Xgijp"'~^ mod 0{p^) 
for some function A. _ 

In order to analyze the remaining components Rioo and to complete the analysis 
above in the case m = n when n is odd, we consider the contracted Bianchi identity. 
The Ricci curvature of g satisfies the Bianchi identity g'^^'V jRjk = 2g'^^^ jRjk- 
Writing this in terms of coordinate derivatives gives 

(3.12) 2g'''djRiK - g'^'diRjK - 2g'''g''QfjKpRQi = 0. 

Suppose for some m > 2 that Rjj = 0{p"^'^) for /, J 7^ oo and Rjoo = Oi^p^'"^). 
Write out (I3.12p for / = 0,z, cxd, using (13.21) . (13. 3p . (13. 6p and the homogeneity of 

the components Rij. Calculating mod ©(p™"^), one obtains: 

{n-2- 2pdp)Rooo + td.Roo = ^(p™-^), 

(3.13) {n-2- 2pd,)R,^ - td.Rooo + td,R,o = 0(p™-i), 
{n-2- pd,)R^^ + g^'V.Rkoo + tP/^ooo - '^g''d,R,k = 0{p^-'). 

Suppose first that n is even. Let Tju be the metric determined above mod 
Ojj{p'^/'^) by the requirement Ru = 0/j(p"/^~^) for /, J 7^ 00. We show by 
induction on m that -R/00 = 0{p'^~^) for 1 < m < n/2. The statement is clearly 
true for m = 1. Suppose it holds for m — 1 and write Rj^o = '~fip"^~'^. The 
hypotheses for (13.131) are satisfied. The first equation of (I3.13P gives {n + 2 — 
2m)7o = 0{p), so -Rooo = 0(p'"^^). The second equation of (I3.13P then gives 
{n + 2 — 2m)'ji = 0{p), so -Rjoo = 0{p"^~^). The last equation then gives (n — 
^)loo = 0{p), so -Roooo = 0{p^~^), completing the induction. 

Hence, if n is even, we have uniquely determined Iju mod Ofj{p'^^'^) so that 
Ric(5') = 0~^j{p^/'^~^). A finite order Taylor polynomial for 'g will be nondegenerate 
on a neighborhood Q of M_(_ x M x {0} satisfying the required properties. This 
concludes the proof of Theorem 12.91 for n even. 

If n is odd, let 'gu be the metric determined above by the requirements -Rqo, 
Roi = 0{p^) and Rij = Xg^jp"-'^ + 0{p^). Then 'gu is uniquely determined up 
to 0{p'^^^) except that 'cjij has an additional indeterminacy of the form cgijp^ for 
some function c. As for n even, consider the induction based on (I3.13p . The 
constants n + 2 — 2m never vanish for n odd and m integral, and one may proceed 
with the induction for all three equations to conclude that Rjoo = 0(p"~^). The 
hypotheses of (I3.13P now hold with m = n. The first two equations give -Rqoo, 
-Rjoo = 0{p"'~^). In the third equation, the coefficient of 7ooP"~^ is now 0, so the 
third equation reduces to Ap"~^ = 0(p"~^). We conclude that A = 0{p), i.e. 
Rij = 0{p^). However, there is still the indeterminacy of cgijp^ in gij and we 
do not yet know that -Roooo = 0(p""^). These can be dealt with simultaneously 
by observing directly that one can uniquely choose c at p = to make -Roooo = 
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0(p" ^). Namely, set g'jj = gu + where $7j is given by (13.81) with m = n 
and 000 = 0oi = 0, (pij = cgij. According to the last formula of (13. lip , one has 
-^oooo = Roaoo — n^{n — l)cp"~^/2 + 0(p"~^). Therefore, c mod 0(p) is uniquely 
determined by the requirement R!^^ = 0(p"^^). Removing the ', we thus have gu 
uniquely determined mod 0{p"'~^^) by the conditions Rjj = 0{p"') for I, J ^ oo 
and Rioo = 0{p"'~^). We can now proceed inductively to all higher orders with 
no problems: (13. lip shows that the requirement Rjj = to infinite order for J, 
J oo uniquely determines gjj to infinite order, and (13.130 shows that the so 
determined gjj also satisfies Rjoc = to infinite order. 

Summarizing, the components gjoo are given by (13. ip . We have determined all 
derivatives of the components gjj for /, J 7^ cxd at p = uniquely to ensure that all 
components of Ric(5') vanish to infinite order. By Borel's Theorem, we can find a 
homogeneous symmetric 2-tensor on a neighborhood of p = with the prescribed 
Taylor expansion. We can then choose a dilation-invariant subneighborhood Q 
satisfying condition (1) of Definition 12.71 on which this tensor is nondegenerate 
with signature {p + l,q + 1). □ 

Next we show that the metric gjj of Theorem 12.91 takes a special form. 

Lemma 3.2. Let n > 2. Ifg has the form 



where gij = gij{x,p) is a one-parameter family of metrics on M, then the Ricci 
curvature ofg satisfies Rqi = 0. 

Proof. For g of the form (13.140 . the Christoffel symbols (13.30 become: 



(3.14) 




(3.15) 




Here ' denotes dp. Lemma (3.21 is a straightforward computation from (13. 4p using 
(13. 2p and (I3.15p . Alternate derivations are given below in the comments after 
Proposition 14.71 and in the proof of Proposition 16.11 □ 
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For future reference we record the raised index version of (I3.15P : 



(3.16) r 



ij 



poo 

^ IJ 




Proposition 3.3. Let n > 2. The metric gu in Theorem \2.9[ satisfies goo = 2p 
and'goi = 0, to infinite order for n odd, and modulo ©(p"/^"*"^) forn even. 

Proof. Consider the inductive construction of the metric g in the proof of The- 
orem I2.9[ At each step of the induction, the perturbation terms 0oo and 0oi at 
p = are determined from the first two equations of (13. lip . If is of the 

form (13.140 . then by Lemma [3l2] we have i?o(^~^^ ^(h~^^ — 0) ^o we obtain 0oo, 
(poi = 0{p). It therefore follows by induction that goo = 2p and goi = to all 
orders for which these components are determined. □ 

The next result shows that the special form given by Proposition 13.31 can be 
reinterpreted in terms of the conditions of Proposition 12. 4[ 



Proposition 3.4. Suppose n>2. Let the pre-ambient space {Q,g) be in normal 
form relative to a representative metric g. The following conditions are equivalent. 

(1) goo = 2p andgoi = 0. 

(2) For each p & Q , the dilation orbit s 6sP is a geodesic for g. 

(3) 2Tjg = d{\\Tr) 

(4) The infinitesimal dilation field T satisfies VT = Id. 

Proof. By Lemma [3. H we have (13. ip . The computations leading to (13. 3p are valid 
for all n > 2, so the Christoffel symbols are given by (13. 3p . Consider a dilation 
orbit s 5sP for p & given in components by s — > (st, x, p). Its tangent vector 
is a constant multiple of dt- These orbits are therefore geodesies for 'g if and only if 
Too/ = 0. From (13.31) and the initial normalization (12.21) . it is easily seen that the 
condition Vooi = is equivalent to 5^00 = 2p, 'goi = 0. Therefore (1) is equivalent to 
(2). If is any pre-ambient metric, then (3) states that 2^5^/0 = di{t'^goo), while the 
condition Foo/ = can be written 2dogoi = djgoo- Both of these are automatic for 
/ = and are easily seen to be equivalent for / = i, 00 upon using the homogeneity 
of the components goj. Thus (2) and (3) are equivalent. As for (4), if VT = Id, 
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then VtT = T, which is a restatement of the geodesic condition. On the other 
hand, if g has the form (13 .14^ . then (13.161) gives V/T"^ = S"^ j. □ 



Proof of Proposition \2.4\ Choose a representative metric g and invoke Proposi- 
tion [2]8l If U and are as in Proposition 12.81 then the pre-ambient space (U, cl)*'g) 
is in normal form relative to g. By Proposition 13. 4[ the conditions (l)-(3) of Propo- 
sition 12.41 are equivalent for the metric (j)*g on U. But all of these conditions are 
invariant under (p, so they are also equivalent for g on (j){U). □ 

Proof of Proposition \2. 6[ As pointed out after the statement of Proposition [221 we 
only need to prove the existence of a straight ambient space for (M, [g] ) . Choose 
a representative metric g. According to Proposition 13.31 we may as well take the 
ambient metric given by Theorem l2.9l to be of the form (13.141) . Then Proposition l3.4l 
shows that upon choosing Q suitably, the ambient space {G,g) is straight. □ 

Let us return to consider the formal determination of gij. According to Propo- 
sition 13.31 and Lemma 13. 2[ g may be taken of the form (13.141) . and for any such ]f 
the equations Rqj = already hold. Therefore g^j = t^gij{x,p) can be regarded 
as the only "unknown" component. One can calculate the remaining components 
of Rij to obtain explicit equations for gij{x,p). Again calculating from (13. 4p . one 
finds 

Rij = P9'lj - pg^^'g'ikQ'ji + Ipg'^'g'kdj - (f - ^)g'ij - Ig^'g'km + Rij 

(3.17) R.^ = \g'\Vkg'u-V,g'^{) 

Roooo = -'^g'^g'li + Ig'^g^'glglr 

Here Rij and V denote the Ricci curvature and Levi-Civita connection of gij{x,p) 
with p fixed. The Taylor expansion of gij{x,p) can be determined by successively 
differentiating and evaluating at p = the equations obtained by setting these 
expressions to 0. For example, simply evaluating the first equation at p = 
recovers the fact that gij\p=o = '^Pij, which we obtained in (13.61) . According to 
the proof of Theorem 12.91 for n even the first equation of (I3.17P determines the 
derivatives d'^gij for m < n/2 and also g^-'dp^'^ gij, and then the second and third 
equations automatically hold mod 0(p"/^~^). In practice, it is easier to calculate 
the traces g^-'d'^gij for m < n/2 using the last equation rather than the first. For 
n odd, the first equation determines the derivatives d^gij for m < n as well as 
the trace-free part of dp gij. The trace part of the first equation at order n is 
automatically true. The value of g^^d^gij is determined by the third equation, and 
all higher derivatives are then determined by the first equation. 

If the initial metric is Einstein, one can identify explicitly the solution gij{x,p). 
It is straightforward to check that if the initial metric satisfies Rij = 2X{n — ^)gij, 
then gij{x,p) = (1 + \p)'^gij{x) solves (I3.17p . 
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In general it is feasible to carry out the first few iterations by hand. One finds 
at p = 0: 

\{n - A)g'r = -B,^ + - 4)P>P,fc, n ^ 4 
\{n-A){n- Q)g'i; = B,,,^ ' - 2Wki,iB''' - 4(n - 6)P,(,B,)' - 4P,'=P,, 
+4(n - 4)P'='Cfo-)fc,z -2(n - A)C\'Ci,k + (n - 4)C>'C,h 
+2{n - 4)P\,, C(,,)' - 2(n - 4)^y,,,,P'=^P"^^ 4, 6, 

where Wiju is the Weyl tensor, 

Cijk Pijjk Pikij 

is the Cotton tensor, and 



Bjn — CiAk, ^ — P^^Wh 



■>ij — ^ijki ~ -T kijl 

is the Bach tensor. The traces are given by: 

(3.19) . ' ' 

{n-4)g^^g':; = -8P,,B^\ n ^ 4. 

The first equation of fl3.19p also holds for n = 4 and the second for n = 6. 

The part of the derivatives depending linearly on curvature can be calculated 
for all orders. Differentiating the last equation of (13.171) shows that for m > 2, the 
trace g''W^gij\p=o has vanishing linear part. An easy induction using the derivative 
of Ricci curvature 

(3-20) R^j = \{gik^j ^ + gjkn ^ ~ dij^k ^ — dk^nj ) 

and the Bianchi identity Pik, ^ = Pk'^n shows that at p = 0: 

(3.21) (4 - n)(6 - n) ■ ■ ■ (2m - 71)8"; g^j = 2 (A^-^P,, - A"'-^Pk^^, ) + lots 

for m >2 (and m < n/2 for n even). Here lots denotes quadratic and higher terms 
involving fewer derivatives of curvature and our sign convention is A = V'^V^. 

A further observation can be made concerning the derivatives of gij at p = 0: 
each of them can be expressed in terms only of Ricci curvature and its covariant 
derivatives. Terms involving Weyl curvature and its derivatives need not appear. 

Proposition 3.5. Each derivative d'^gij\p=o can he expressed as a linear combina- 
tion of contractions of Ricci curvature and covariant derivatives of Ricci curvature 
for the initial metric g. This holds for all m for which these expressions are de- 
termined: for m > 1 for n odd and for 1 < m < n/2 for n even, and also for 
g'W^''^gij\p=o forn even. 

Proof. The proof is by induction on m. We already know that g'ij\p=o = 2Pij. 
Consider the inductive determination of d'^gij\p=o for m > 2 by taking the equation 
obtained by setting the first expression of (13.171) equal to 0, applying d^~^, and 
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setting p = 0. The first, fourth and fifth terms involve d'^gij\p=Q. The second 
and third terms give rise to combinations of contractions of previously determined 
derivatives which are of the desired form by the induction hypothesis. The fifth 
term also generates contractions of this form in addition to the term involving 
d^Qij. The result therefore follows if d^~^Rij\p=Q can be written only in terms 
of Ricci curvature and its covariant derivatives of the original metric. The first 
derivative is given by fl3.20p . In differentiating (13.201) again, the derivative can fall 
on g', on g~^, or on the connection. Differentiating a Christoffel symbol shows 
that for a 1-form rji which depends on p, one has (jji, j)' = ri'i,j — Tf^rjk, where Tfj 
is the tensor Tfj = \g^\g'ii, j + g'ji, Qij^i)- There is an analogous formula for the 
covariant derivative of a tensor of higher rank. Iterating such formulae together 
with the Leibnitz formula and the formula for g"^^' , then setting p = and applying 
the induction hypothesis, it is clear that c?J'~^-Rjj|p=o has the desired form. 

If n is odd, the trace 5'*"'c?p5'ij |p=o is determined from the third line of (13.171) 
rather than from the first. But it is clear that differentiating the third line and 
using the induction hypothesis gives rise to an expression of the desired form. □ 

We remark that it is a consequence of Proposition 13.51 that objects constructed 
solely out of the tensors d'^gij\p=Q also can be written in terms of Ricci curvature 
and its covariant derivatives. Two examples are the "conformally invariant powers 
of the Laplacian" of |GJMS] and Branson's Q-curvature (|BrJ). It is easily seen 
from the construction in [GJMSj that the coefficients of the conformally invari- 
ant natural operators constructed there can be written in terms of the 5™5'ij|p=o; 
hence by Proposition 13.51 in terms of the Ricci curvature and its derivatives. For 
Q-curvature, the same GJMS construction can be used to establish the result fol- 
lowing Branson's original definition. Alternatively and more directly, this follows 
from the characterization of Q-curvature given in |FHj . 

The equations defining an ambient metric in normal form possess a symmetry 
under reflection in p. Let : M+ x M x R ^ IR+ x M x R be R{t, x, p) = (t, x, -p). 
If 'g is an ambient metric for (M, [g]) in normal form relative to a representative g, 
then R*^] is also an ambient metric for (M, [g]) but is not in normal form because 
condition (3) of Definition 12.71 does not hold. However, the following Proposition 
is easily verified. 

Proposition 3.6. Ifg is an ambient metric for (M, [g]) in normal form relative 
to g, then —R*g is an ambient metric for (M, [—(?]) in normal form relative to —g. 

Recall that these ambient metrics are unique up to the order specified in Theo- 
rem [21](B). 

Next we prove a sharpened version of Theorem 12.91 for n = 2. We denote by tf 
the trace- free part with respect to g. 

Theorem 3.7. Let M be a smooth manifold of dimension 2. Let g be a smooth 
metric on M and h be smooth symmetric 2-tensor on M satisfying g^^hij = 0. 
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Then there is an ambient metric g for (M, [g]) in normal form relative to g which 
satisfies tf {dpgij\p=o) = t^h-ij. These conditions uniquely determine g to infinite 
order at p = 0. The metric 'g is straight to infinite order if and only ifhijj = ^R,i. 

Proof. The proof begins the same way as the proof of Theorem 12.91 for n > 2. 
The components 5^/00 are determined by Lemma \3A\ The computations leading to 
( 13. 5p remain vahd. The vanishing of the first two hnes of fl3.5p is again equivalent 
to dpa\p=o = 2 and dpbi\p=o = 0. However when n = 2, the coefficient {dpa — n) 
vanishes in the third line of (13.51) . For n = 2, one always has 2Rij = Rgij, so 
vanishing of the third line is therefore equivalent to 

(3.22) g'''dpgM\p=o = R. 

Thus the trace of dpgij\p=o is determined, but the trace-free part remains unde- 
termined by the Einstein condition. We observe that this information is already 
enough to prove part (B) of Theorem 12.91 when n = 2: we have now shown that a so- 
lution is uniquely determined modulo 0/j(p). The prescription tf(9p(7jj) I p=o = hij 
fixes the ambiguity in dpgij\p=o. It is convenient to define Pij by 

2Rij hij -\- 2 Rgij 

so that gij{x,p) is still given by the second line of (13.61) . 

We will consider the inductive determination of the Taylor expansion of g for 
higher orders as in the proof of Theorem 12.91 for n > 2. The next order is the 
tricky one. For definiteness, we define If^^^ to be given by fl3.14p with gij{x,p) 
given by the second line of (13.60 (say with the Oi^p^) term set to 0); i.e., we fix the 
0{p^) indeterminacy in a and hi in (13. 6p to be 0. With notation as in the proof of 
Theorem 12.91 above. Lemma [3^2] implies that R^q] = 0. Also, i?-^^ is given by the 
middle line of (I3.17p . In particular, 

(3.23) Ri2y\p=0 = -Pjj)"' ~ n = I ip'iji^ ^ ) • 

Set 'gf] = gf] + $/j with $/j given by ( 13. Sp with m = 2. The perturbed 
Ricci tensor is given by (13. lip . The first line says = 0(p2). The fourth line 
shows that Rq^ = 0{p) if and only if 0oo = 0{p), so we require 0oo|p=o = 0. 
The second line then gives R^^^ = 0{p'^). The fifth line shows that 0oi|p=o can 
be uniquely chosen so that R^"^ = 0{p), and (I3.23P shows that the so determined 
0oi|/3=o vanishes if and only if hij,^ = ^R,i. The third fine shows that the trace-free 
part of (f)ij\p=o can be uniquely chosen so that 

(3.24) R^^ = Xpg,,+Oip') 

for some function A on M. The last line shows that the trace of 0jj|p=o can be 
uniquely determined so that -R^L = 0{p). Thus all 0/j|p=o have been determined, 
and all components of Rf] vanish to the desired orders except for (I3.24p . Consider 
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now the last line of fl3.13p applied to i?^^^ with m = 2. It reduces to g'^^dpUf^ = 
0{p). Thus A = as desired. Therefore we have shown that one can uniquely 
determine $/j mod 0{p^) to make R^j] = 0{p^) for I, J ^ oo and R^^^ = 0{p). 
Moreover, the metric gf^] so determined is of the form (13.141) mod 0{p^) if and 
only if hij,^ = \R,i. 

Consider now the induction for higher m. The argument proceeds as in the proof 
of Theorem 12.91 above. The relevant coefficients in the first three lines of (13.111) 
never vanish for n = 2 and m > 3. Thus the conditions ~ ^(P*") I, J ^ oo 
uniquely determine $/j mod 0{p"^~^^). Then the three lines of (13.131) successively 
show that R^^ = 0{p^~^). Thus the induction continues to all orders. 

If Tj is straight to infinite order, then 'g^i = to infinite order, so by the determi- 
nation of 0oj|p=o when m = 2 noted above, we must have hij,^ = \R,i. Conversely, 
if hijj = \R,i, then we have 0oi|p=o when m = 2. The argument of Proposition [3^31 
then shows that g^o = 2p and goi = to all higher orders. □ 

Theorem 12.91 for n = 2 is a consequence of Theorem 13.71 and its proof. Part (A) 
follows upon choosing any hij satisfying hi^ = 0. We already noted that part (B) 
holds at the end of the first paragraph in the proof of Theorem 13.71 above. 

We remark that in the straight case, i.e. when hij,^ = ^R,i, the solution ]) in 
Theorem 13.71 can be written explicitly; see Chapter [71 

Observe in Theorem 13.71 that the metric g may be put into normal form relative 
to another metric ^ in the conformal class, giving rise to another trace-free tensor 
h. Since the straightness condition is invariant under diffeomorphisms, h satisfies 
hij,^ = ^R,i if and only if h satisfies hij,^ = ^R,i, where in the latter equation 
the covariant derivative and scalar curvature are that of ^. Note also that if g 
has constant scalar curvature, then = satisfies /ij* = and hij,^ = ^R,i. 
In the case of definite signature, the uniformization theorem implies that every 
conformal class (M, [g]) on any 2- manifold contains a metric of constant scalar 
curvature. Thus it follows that for any definite signature metric g, there exists a 
trace-free h satisfying hij,^ = ^R,i. 

When n > 4 is even, the existence of formal power series solutions for the ambient 
metric at order n/2 is in general obstructed. The obstruction can be identified as 
a conformally invariant natural tensor generalizing the Bach tensor in dimension 
4, which we call the ambient obstruction tensor and denote Oij. We next define 
the obstruction tensor and establish its basic properties. Suppose that n > 4 is 
even and that g is an ambient metric for (M, [g]). By Theorem 12. 3[ g is uniquely 
determined modulo 0~^j{p'^/'^) up to a homogeneous diffeomorphism of Q which 
restricts to the identity on Q. Set Q = ||T||^ = g{T,T), where as usual T denotes 
the infinitesimal dilation. Then Q is a defining function for Q x {0} C Q invariantly 
associated to g, which is homogeneous of degree 2. (To see that Q is a defining 
function, one can put g into normal form, whereupon Proposition 13.31 shows that 
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Q = 2pt^ mod 0(p"/2+i).) We identify G with ^ x {0} via the inclusion l. Now 
Ric(5') = 0'l'j{p"'^'^~^) , so (Q^""/^ Ric5')|Tg is a tensor field on Q, homogeneous of 
degree 2 — n, which annihilates T. It therefore defines a symmetric 2-tensor-density 
on M of weight 2 — n, which is trace-free. If is a metric in the conformal class, 
evaluating this tensor-density at the image of g viewed as a section of Q defines 
a 2-tensor on M which we denote by (Q^^"/^ Ric5')|g. We define the obstruction 
tensor of g to be 

(3.25) O = c„(Qi-"/2Ric^)|„ c„ = (-i)»/2-i ^""'(^/^ " 1)'' . 

n — 2 

For g in normal form relative to g, this reduces to 

0,, = 2i-"/2c„(pi-"/2^i,)|p=o. 

Theorem 3.8. Let n > 4 be even. The obstruction tensor Oij of g is independent 
of the choice of ambient metric g and has the following properties: 

(1) O is a natural tensor invariant of the metric g; i.e. in local coordinates the 
components of O are given by universal polynomials in the components of 
g, g~^ and the curvature tensor of g and its covariant derivatives, and can 
be written just in terms of the Ricci curvature and its covariant derivatives. 
The expression for Oij takes the form 

= (3-n)-iA"/2-2w^fc,,,/' + /ots, 

where A = V*Vi and lots denotes quadratic and higher terms in curvature 
involving fewer derivatives. 

(2) One has 

(3) Oij is conformally invariant of weight 2 — n; i.e. if Q < Vt E C°°{M) and 



(3.26) 



gij = Vt^gij, then Oij = fi^ 



(4) If gij is conformal to an Einstein metric, then Oij = 0. 

Proof. We can assume that g is in normal form relative to g. Then ]) is unique up 
to addition of $/j of the form (13. 8p with m = n/2, where 0oO) 4>oi, and g''^(l)ij all 
vanish at p = 0. The independence of (Q^""™/^ Ric^|g on 'g is then an immediate 
consequence of (13.111) . 

According to Proposition 13. 3[ we may take g to satisfy 5^00 = 2p, goi = 0. Then 
Oij may be obtained by setting Rij = c-\2p)''/^-^Oij mod 0(p"/2) in (KlTh . 
applying dp^"^ ^\p=o, and taking the trace-free part. This shows that Oij is a 
natural tensor and Proposition 13.51 shows that it can be written just in terms of 
Ricci and its derivatives. Its linear part may be calculated using (13.201) and (13.211) 
to be given by the first line of (13.261) . The second line follows from the fact that 

ikij 



WHji,'' = {^-n){Ri„,''-Pu '^^ 
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We have already observed that Oij is trace-free. Its conformal invariance follows 
from its definition in terms of a conformally invariant tensor-density. If Qij is 
Einstein, we have previously noted that there is a solution for g to all orders, so 
Oij = 0. 

It only remains to establish that Oij,^ = 0. This follows from the Bianchi 
identity as follows. Recall that the hypotheses for (13.131) were that Rjj = Oi^p^"^) 
for /, J 7^ oo and Rioo = 0(p™'~^). Our metric g satisfies these with m = n/2 + 1 
except that CnRij = (2p)"/^~^Oij mod 0(p"/^). If one recalculates the middle line 
of fl3.13p allowing the possibility that Rij = 0{p'^~'^) but all other components 
vanish as before, one finds that there are two extra terms: g^^V jRik — \g^^V iRjk- 
For m = n/2 + 1, the coefficient of Rioo vanishes, so we obtain 

for some nonzero constant c'. We may as well take Tj to have Tj^^ = 2p, gio = 0, in 
which case the first two terms vanish, giving the desired conclusion. □ 

For n = 4, 6 one can calculate Oij by hand by carrying out the computation 
indicated in the proof of Theorem 13.81 One obtains the tensor which obstructs the 
validity of flXTS]) : O.^ = Bij for n = 4 and 

Oij = Bij.k^ — 2WkijiB^^ — APk^Bij + 8P^''C(^ij)k,i —^C^iCijk 

+ "^Ci^^Cjkl + AP^k-,1 C[ij) — AWkijlP^mP^^ 

for n = 6. 

When the obstruction tensor is nonzero, there are no formal power series so- 
lutions for 'g beyond order n/2. However, one can still continue the solution to 
higher orders by introducing log terms. In this case one is obliged to introduce an 
indeterminacy and the solution is no longer determined solely by the initial metric. 
We have already seen this indeterminacy phenomenon when n = 2 in Theorem 13. 7[ 
although for n = 2 there is no obstruction and consequently there are no log terms. 
When n is odd, there are solutions with expansions involving half-integral powers 
which also have an indeterminacy at order n/2. 

We broaden our terminology to encompass such metrics. Recall that in Defini- 
tion 12.11 we required an ambient metric to be smooth. We now define a general- 
ized ambient metric to be a metric g satisfying all the conditions of Definition 12. 1^ 
except that the smoothness condition is relaxed to the requirement that g be 
C°°{Q \ {p = 0}) n C^{Q), and in all dimensions we require Ric(5') to vanish to 
infinite order along Q x {0} (i.e. all derivatives of all components of Ric(5f) extend 
continuously to p = and vanish there). Definition 12 . 71 and Lemma [XT] concerning 
metrics in normal form extend to generalized ambient metrics. Proposition 12.41 
and the notion of straightness also extend to generalized ambient metrics. 
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We now discuss the existence and uniqueness of generalized ambient metrics in 
normal form, beginning with the case n odd. 

Theorem 3.9. Let M he a smooth manifold of odd dimension n. Suppose given a 
smooth metric g and a smooth symmetric 2-tensor h on M satisfying g^^hij = 0. 
Then there exists a generalized ambient metric g which is in normal form relative 
to g and whose restriction to either ^ fl {p > 0} or Q D {p < 0} has the form 

where ipf] , ip\^] extend smoothly up to p = and tf (^tp^^^lp^oj = t^hij. The Taylor 

expansions of the ipfj and ipfj are uniquely determined to infinite order by these 
conditions, and the solution satisfies g'^^iplj^\p=o = 0. The metric g is straight to 
infinite order if and only if hij,^ = 0. 

Proof. We construct g separately on ^ fl {p > 0} and on ^ fl {p < 0}. First consider 
{p>0}. 

Return to the inductive construction of g in Theorem l2.9[ If we pause in that con- 
struction at m = (n — 1)/2, we have determined uniquely mod ©(p^^^^-*/^) 
by dsn]) and the condition Ric/j(5^«"-i)/2)) ^ 0(p("-^)/2) J, J ^ oo. As in The- 
orem [3]3l we may as well choose ^(("^i)/^) to be of the form fl3.14p . in which case 
we have Rqq'^^^"^^ = 0, R^^'^^^'^^ = 0, and of course is smooth, i.e. it 
has no half-integral powers in its expansion. Previously we considered only formal 
power series solutions, so we next modified g at order (n + l)/2. Now we instead 
modify g at order n/2: set gj^"^^ = 'gfj~^^^'^^ + $7j, where $/j is of the form (13.81) 
with m = n/2 and each 0/j is asymptotic to a formal power series in ^p. It follows 
from fl3.4p that each component of the Ricci curvature of such a metric is also as- 
ymptotic to a formal power series in y/p. (For tt, = 3, the series for the components 

Rioo Kiay in principle also contain a p~^/^ term arising from the p^/^ term in 'g] 
see below.) Now (13.111) still holds except the which appear on the right 

hand side are now replaced by i?^*^"^^^^ and the error terms are shifted by |: the 
error terms in the first three lines are ©(p™"^/^) and those in the last three lines 
are 0(p™~^/^). Vanishing of the first three lines of (13. lip gives at p = 0: 0oo = 0, 
0oi = 0, g^-'ipij = 0, but the trace-free part of 0jj may be chosen arbitrarily. We 
define ^^king = hij and g^''/'^^ of the form (IXTip . so that R^^J'^^ = 0, 

R^qJ'^^ = 0. Also, R^^^'^^ is asymptotic to a formal power series in ^/p, which by 
construction satisfies R^^^"^^ = 0{p^'^~^^^'^). We now modify by addition of a 

term (13.80 with m = (ra + l)/2 to obtain Once again (13.111) holds with 

the shifted error terms and superscripts on Rjj. None of the relevant constants 
which appear in (13. lip vanish for this value of m, so we deduce that 000, 4>oiy 
4>ij are all detemined at p = and once again 0oo and 0oi may be taken to be 
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identically 0. Now i?{,S;+^^/^^ = 0, ^^^^^^ = 0, and i?Jj"+^^/^^ is asymptotic to a 
formal power series in ^ satisfying i^^-j"'''^''^^'* = 0(p"/^). 

5({'^+l)/2) 



Before proceeding to the next value of m, consider the components R^i^ 



We have = by Lemma [321 The components ^^^'^^'^ and ^^^^'^^ 

are given by formal power series in y/p. (When n = 3, at first glance it appears 
from the third line of (13.171) that the f?!"^ term in gij generates a term in 

-Roooo • However this term has coefficient because g^^hij = 0.) Now it is easily 
checked that (I3.13P holds for m G |Z and for the g that we are considering with 

expansions in ^/p, still under the same hypotheses: Ru = 0{p"^~^) for J, J 7^ oo 
and Rioo = 0(p™~^). (When n = 3 one modification is required: the error term 
in the last line is 0{p"^^^) + 0(p^/^-Rooo), owing to the p^/^ term in the expansion 
of gij.) If we proceed by induction on the order of vanishing of -Rj-^^^"*^^"* and 
-Roooo in (I3.13P similarly to the proof of Theorem 12.91 now using R^^p^^^^"^^ = 
and = 0(p"/2), we find ^^"oJ'^^'^ = 0(p"/2-i). We make one 

further observation about i?-^'*'^^''^'' ; namely, (p^~"/^-Rj-^^"^''^^'')|p=o is a constant 
multiple of hij,^. To see this, note that ^(("+1)/^) is of the form (13.141) where 
9ij ~ Vif + Vif P^^'^ for Vij\ Vif smooth and ?7-j^|p=o = Kj. The middle line of 
(I3.17P together with the fact that g^^hij = then imply that the p"/^"^ coefficient 
in the expansion of -Rj-^'*'^''''^^ is a multiple of hij,K 

Return now to the inductive construction of g. We next define gf^^"^^^^ = 
~((n+i)/2) ^ ^.^j^ g.^^^ ^.^j^ ^ ^ n/2 + 1. The first line of 

flHlT]) (with shifted error) tells us that ^Jq^^"^^^ = 0(p("+i)/2) independent of the 
choice of 0oo- However, the fourth line of (13. lip tells us that we must choose 
000 = at p = in order to make R^qJ^^^^ = 0(p^"~"'^^/^). Now the second line of 
(13. lip says that R^qJ"^^^"* = 0{p^^~^^'^^'^) independent of the choice of 0oj- However, 
the fifth fine determines 0oj|p=o by the requirement that R^^'^'^^^ = 0(p*^"~^^/^). 
The third line then determines (f)ij\p=o by the requirement that Rij = 0(p*^"^^^/^). 
Taking m = (n + l)/2 in (13.130 . we already know that the first two lines hold, 
and the third line tells us that i?^^'*^^'* = 0(p^"~^^/^). Thus the 0/j|p=o have 
been uniquely determined and we have R^^J'^'^^^ = 0{p^"'^^^^'^) for J, J 7^ 00 and 

-^ioo^'*'^^ = 0(p("~^^/^). In this determination, we found 0oo|p=o = and 0oj|p=o 
was determined by the fifth line of (13. lip . By the observation noted above that 
^^i-n/2^((n+i)/2)^|^^^ jg ^ coustaut multiple of hijj, we deduce that 0oi|/3=o is a con- 
stant multiple of /ijj,-', and in particular 0oi|p=o vanishes if and only if hij,^ = 0. 

Now we modify g to higher orders successively by induction increasing m by 
1/2 each step. The induction statement is that gf^^ is uniquely determined mod 
by the requirement that R^[^^ = 0{p^~^^'^) for /, J 7^ 00. We have 
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established above the case m = n/2 + 1. Up through m = n — 1/2, the induction 
step follows from the first three lines of (13. lip just as in the proof of Theorem 12.91 
Again just as in the proof of Theorem 12.91 we then deduce that R^^^"^ = 0{p^~'^) 
using (13.131) . 

For m = n we encounter the vanishing of the coefficient of the trace in the third 
line of (13. lip . The same reasoning used in the proof of Theorem 12.91 applies here: 
the fact that we are increasing m by 1/2 rather than 1 at each step plays no role 
in that analysis. The induction for higher m then proceeds as usual, including the 
induction based on (13.130 for the Rjoo components. Thus it follows that there is a 
unique series for g of the desired form for which all components of Ric(5') vanish 
to infinite order. 

Finally we observe that, just as in the proof of Proposition 13.31 once we get 
beyond m = n/2 + 1 the special form (13.141) is preserved in the induction. So if 
hij,^ = 0, then the solution has 5^00 = 2p, goi = to infinite order. 

We construct g for {p < 0} by using the reflection R as in Proposition [3]6l If g is 
a solution on {p > 0} with data —g, —h, then —R*g is a solution on {p < 0} with 
data g, h and vice versa. That the solutions match to first order at p = can be 
checked using (13.61) . In fact. Proposition 13.61 and the uniqueness of the expansion 
imply that the solution obtained by refiection is C'*'""^^/^ across p = 0. □ 

The analogue of Theorem 13.91 for n even is the following. 

Theorem 3.10. Let M be a smooth manifold of even dimension n > 4. If g is a 
smooth metric and h a smooth symmetric 2-tensor on M satisfying g^^hij = 0, then 
there exists a generalized ambient metric g in normal form relative to g, which has 
an expansion of the form 

00 

(3.27) 9iJ-J29uiP''^'^og\p\f 

where the Ijf^^ are smooth on Q and tf {^^^'^'gfj^^ = f^hij at p = 0. The Taylor 

expansions ofthegj'^j^ are uniquely determined to infinite order by these conditions. 
The solution 'g is smooth (i.e. 'g^^'' vanishes to infinite order for N > 1) if and only 
if the obstruction tensor Oij vanishes on M. There is a natural pseudo-Riemannian 
invariant 1-form Di such that the solution g is straight to infinite order if and only 

^f hij , Di . 

Remark 3.11. Observe that the corresponding result when n = 2 (Theorem 13.70 
takes precisely the same form, except that there are no log terms and the ob- 
struction tensor always vanishes. Theorem 13.71 shows that when n = 2, one has 
Di = ^R,i. For general even n, Di is given by (13.361) below, and is the same tensor 
which appears in Theorem 3.5 of |GrH2] . When n = 4, one has 
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Remark 3.12. We do not know whether for any {M,g) the equation hij,^ = Di 
admits a solution. We have aheady observed after the proof of Theorem 13.71 that 
the existence of a solution is a conformally invariant condition and that there is 
always a solution if g is definite and n = 2. For n > 3, the equation hij,^ = fi 
always admits a local solution for any smooth 1-form /j. This follows from the fact 
that at each point of the cotangent bundle minus the zero section, the symbol of 
the operator div : 0qT*M — »• T*M is surjective, so that there is a right parametrix 
(see Theorem 19.5.2 of [Ho] ) . This also implies that on a compact manifold, the 
range of div has finite codimension. For g definite and M compact, the range of 
div is the orthogonal complement of the space of global conformal Killing fields. 
Using this and the explicit formula for Di above, one can show that there exists a 
solution to hij,^ = Di if n = 4, g is definite, and M is compact. 

We prepare to prove Theorem 13.101 Denote by A the space of formal asymptotic 
expansions of scalar functions / on M+ x M x M of the form 



where each /*^^^ is smooth and homogeneous of degree in t. It is easily checked 
that A is an algebra, that A is preserved by d^t and pdp, and that G ^ if / G ^ 
and / 7^ at p = 0. The metric g which we construct actually has a more refined 
expansion than fl3.27p . Let Ai denote the space of formal asymptotic expansions 
of metrics g on x M x M of the form 

[2p + a tbj t\ 



with a G bi G p'^'^'^^^A, gij G A. We will show that there is a unique 

expansion g E M. satisfying that gij is the given representative at p = 0, that 

tf{dp^'^gij^) = hij at p = 0, and that Ric(5') = 0. 

For gij of the form fl3.28p . the inverse g^"^ and Christoffel symbols Tjjk are given 
by ([S2D and ([S3D with a = 2p+a. Observe that for all IJ we have t2-#(/J)^/J ^ 
where jj^{IJ) denotes the number of zeros in the list IJ. Also, for the off-anti- 
diagonal elements there is an improvement: t2-#{/J)^/J ^ unless both IJ are 
between 1 and n or one is and the other oo. Similarly, for the Christoffel symbols 
we have: pTjjK G for all components, and F/jx G t^~'^^^'^^'> A unless 

two of UK are between 1 and n and the third is oo. 

Proposition 3.13. IfgeM, then t^Roo G p^/^+M, tRoj,tRooc G P^^M, pRij, 

pRioo G A, p Roooo 

eA. 

Proof. We first derive a formula for the components Rqj for g of the form fl3.28p . 
Set Ejj = T[/ J]. The fact that CtIjij = '^gij implies that T(^ij) = gij, so Tj j = 



/^^/W(p"/2log|p|) 



N 



(3.28) 
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gu + Eij. Thus Ti^jk = Ejj^k- Now tRouK = T^Rlijk = '^Tj^[jk] = 2Ei[j^k], so 
tRoj = tg^^RoijK = g^^Ejj^K- Expand the covariant derivative to obtain 

(3.29) tRoj = g'^'dKEij - g'^g^'^^fiKpEgj - g'^'g^'^^f jkpEiq. 

The components of Tj are given exphcitly by T/ = t'gio = {2pt + at,t%i,t^). 
The 1-form 2ptdt + t'^dp is d{pt'^), so these terms can be ignored when calculating 
Eij = T[i,j] = d[jT^. Thus we have 

/ t{dja~2bj) tdpa\ 

2Eij = t{2h - d,a) t\d,h - d,b,) t^d.b, . 
\ -tdpa -t^dpbi / 

We will use that this is of the form 

/ tp"/2+i^ tp"/2+u\ 

(3.30) Eij = tp^/^+^A t^p^'^+^A t^p^'^A . 

Vp"/2+U ep^l^A / 

The conclusion of Proposition 13.131 for the components Rqj follows upon ex- 
panding the contractions in (13.291) and using (13.301) and our knowledge of 'g^'^ and 

^ijK- We indicate the details for _Roo; the cases i?oj and i?ooo are similar. In all 
cases, one knows ahead of time that the powers of t work out correctly. 
Setting J = in (13:291) gives 

eR^o = ig'^'dKEio - ig'^'g^'^fiKpEQ^ - tg^'^g'^'^foKpEiQ. 

It follows using Eio G t'^'*'-^^ p'^/^+'^A and t2-#(/x)~/i^ ^ ^ ^j^^^^ ^y^^^ ^j^g g^g^ 
term on the right hand side is expanded, all terms are in p"/^+^^ except possibly 
those with 7^^ = 00. Since Eqq = 0, only the terms with K = oo and 1^0 need 
be considered. But t2-#{-f)^/oo ^ / ^ 0, so the first term is in p"'^'^^^A. 

A term in the expansion of the second term is in p'^^'^^^A unless Tikp ^ 
^2-#iIKP)j^_ This gives that two of IKP must be between 1 and n and the third 
must be oo. Each of the pairs IK, PQ must be Ooo or with both indices between 
1 and n. Q cannot be 0. There are no such possibilities, so the second term is in 

For the third term, we have Tqkp G t^^'^^^^^A. So for a term not to be in 
it must be that Eiq is not in t'^~*^^^^ p^/'^^^A, which gives that one of IQ 
is between 1 and n and the other is oo. Again each of the pairs IK, PQ must be 
Ooo or with both indices between 1 and n. Soj^ne of KP must be and the other 
between 1 and n. However, (13.31) shows that FofcO; ^ook ^ P-^, so the third term is 
in 

For the components Ru in which neither / nor J is 0, we use (13. 4p . It is 
straightforward to check using the observations above about g^"^ and F/jx that for 
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each of the possibihties IJ = ij, ioo, oooo, each term on the right hand side of 
(13.4p is in A when multiphed by the indicated power of p. □ 

In order to carry out the inductive perturbation analysis for Theorem 13.10^ we 
need to extend (13. lip to the case where the perturbations involve log terms. If 
< m G Z, we will say that an expansion is O*" if it can be written in the form 
^^>Q 'u'^^)(log IpI)^, where each is smooth, homogeneous of some degree in 
t, and 0(p™). Set A"" = 0"'nA. The same calculations that gave (l3lTi) give the 
following. 

Proposition 3.14. Letg have the form (13.280 with a, hi G A^ , gij{x,p) = gij{x) + 
2Pijp + A^. Set g'jj = gjj + <l>jj, where 



(3.31) $ 



IJ 




with the (f)jj G A"^, m > 2. Then 

t'R',, = t^R^o + {pdl - f 9p)0oo + 
tR'o, = tRo^ + {pdl - ldp)(t>oi + |5j,0oo + 
= Ri, + [pdl + (1 - 1)9,] 0,,- - \g^'d, 
(3.32) + \{Wj^p(t)o^ + Vi9,0oi) + Pijdp(t)o(^ + 

We also need the analogue of (13.130 for expansions with logs. The same reasoning 
as for (13.131) shows that ii'g & M. satisfies for some m > 2 that Rjj = 0"^~^ for 
/, J 7^ oo and Rjoo = O™""^, then (13.131) holds except that the error terms are all 
rather than 0(p"'). 

Proof of Theorem \3.1(A The analysis of Theorem 12.91 and Proposition 13.31 leaves us 
with a smooth gij{x, p) determined modulo 0{p^/'^) so that the metric 'g defined 
by (IXTij) satisfies ^o/ = 0, Rij, Rjoo = 0(p"/2-i)^ = Q(^pn/2-2^^ (yj^ 

save the determination of the trace of the p"/^ term in the expansion of gij for 
the next step of the induction.) Each coefficient in the Taylor expansion of g^j 
through order n/2 — 1 is a natural tensorial invariant of the initial metric g. Let 
us write (| — 1)! Rij = p'^^'^'^rij and (| — 1)! Rjoo = p^'^'^'^rjao, where and r^oo 
are smooth and independent of t. The obstruction tensor is given by 

(;^-l)!aw = 2i-"/2c„,tf(r. 
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with c„ as in fl3.25p . The values at p = of rj^ and the trace g''''rki do depend on the 
choice of Qij at order n/2. However, if we fix gij to be its finite Taylor polynomial 
of order n/2 — 1, then these values can be expressed as natural tensorial invariants 
of the initial metric g. 

For specificity, fix Qij to be this Taylor polynomial. Define g'jj as in Proposi- 
tion [XTl] with m = n/2. It is clear from fl3.32p that only the (pu mod ^"Z^+i can 
affect the Rjj at the next order. So we may as well take 

(f)!0oo = p"/' («:(^) log IpI + 

(f)!0o. = p"/' (/if ^ log IpI + /if ^) 

(f)!0..=P"/' (Af Mog IpI + Ag)) 

with coefficients k''^\ f^i^\ Xij^\ ^ = 0, 1, smooth and independent of t. 

The first equation of fl3.32p and the requirement -Rqq = O"/^ give {pd^ — 
|9p)0oo = O"/^, which is easily seen to imply that ^oo = O"/^"*"^. Similarly the 
second equation of fl3.32p and the requirement R'q^ = O"/^ give 0oi = 0"/^+^. The 
third equation and the requirement R'^j = O"/^ give 

(3.33) r,, - Ig'^Xi^g., log |p| - (i^^^'aI? + i^^'^'Alf ) g., + A« = 0\ 

Clearly we must have g^''\^^i = at p = 0. Taking the trace-free part then shows 
that tf (r,j) + Xf^ = at p = 0, so 

CnAf)|p=0 = -2"/^"^(i-l)!O.,. 

Now taking the trace in fl3.33p gives g^^ru = f 5'*^'A^°^ at p = 0. These deter- 
minations are necessary and sufficient for R'- = O"/^. The trace-free part of 
A^^ is undetermined by the Einstein condition, but is fixed by the choice of hij: 
tf(A-°^|p=o) = hij. Thus 

\j \p=o - i^ij + -^^k gij- 

Now 'g'lj is determined mod A^^"^^"^ . We fix the ^"Z^+i indeterminacy in ^Jqq, 
S^Qj by taking ^oo, 0oi = 0, so that 'g'jj has the form fl3.14p . Then R'qj^ = 0, 
R!,j = 0^l\ R[^ = 0"/2-i, R'^^ = 0"/2-2. Also we know that p'R'^^ G ^ by 
Proposition 13.131 Substituting this information into the last line of fl3.13p with 
m = n/2 shows that -R^oo = O"/^"^. For reference in the next step, we will need 
to know the leading term of -R^oo- This component is given explicitly by the middle 
line of fl3.17p (where, however, ' denotes dp) . Replacing gij by g^j + (pij in fl3.17p 
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and recalling Oj^ = 0, Oij,^ = 0, one finds that 

(3.34) (f - 1)!^:^ = p"/2-i (^r,^ + 1/^,,,^- - ^r/,,) + 0"/^ 

This completes the m = n/2 step. The metric g'jj has the form fl3.14p and its Ricci 
curvature satisfies R'^j = 0, = O''/^, R[^, R'^^ = O^/^-i. 

Now rename what was g'jj to be a new gij. Proposition 13.131 shows that this 
new gij has pRij G A, so we can write 

(3.35) (f )! R,, = p"/2 (^^g) log + j + 0^/2+1 

with coefficients N = 0,1, smooth and independent of t. Now construct a 
new g'jj as in Proposition 13.141 with m = n/2 + 1. This time we take 

(f + l)!0oo = p"/'+' («:«log|p| + «:W) 

(t + l)!0o.=p"/^-^^ (/if^loglpl+Zif) 

(f + l)!0.,=p"/^+^ (A«log|p| + AS°)). 

Referring to (13.321) . the requirement R'qq = 0"/^"^^ is equivalent to K^^^\p=o = 0; no 
condition is imposed on k,^^\ However, the requirement R'q^ = 0"^^ is equivalent 
to 000 = O"/^^^. Thus the K^^^\p=Q are determined and we may as well take 
000 = 0. Similarly, the requirement -Rg^ = 0"/^+^ is equivalent to p-^^|p=o = 0, so 
we take fif^ = 0. The requirement R'j^^ = O"/^ uniquely determines p-°^|p=o. Note 
that according to (13.341) . we have fif'^\p=o = (and therefore 0oi = O"/^"*"^) if and 
only if hij,^ = Di, where 

(3.36) A = 2 (^^^r/,i-r,. 

An easy computation from the third line of ( 13.32^ using (13.35^ shows that the 
requirement R[j = O^^'^^^ uniquely determines the X[f^\p=Q. Now the third line of 
(I3.13P with m = n/2 + 1 shows that -R^oo — 0"^^. This completes the m = n/2 + 1 
step. We have g'jj E M with R'^q, R'q^, R[j = 0"/2+i, R'^^ = O"/^. Moreover, it 
always holds that g'^^ = 2p + 0"/2+2^ and g'^^ = 0"/2+2 jf and only if hij,^ = Di. If 
Oij = 0, then no log terms occur in any of the expansions, and g'jj is smooth. 

We now prove by induction on m that there is a metric g E Ai, with a, hi, gij 
in (13.281) uniquely determined mod O^, such that Ru = O"^^^ for I, J ^ 00 and 
Rioo = O™"^. We will also show that the metric g satisfies 5^00 = 2p + and 
doi = O"^ if and only if hij,^ = Di. Moreover, g is smooth if and only if Oij = 0. 
We have established this for m = n/2 + 2. 
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The argument for the induction step passing from m to m + 1 differs depending 
on whether or not m = n. First assume m ^ n, and of course m > n/2 + 2. 
Proposition 13.131 imphes that the Ricci curvature of gu takes the form 



Ah 



(3.37) 



(m - 1)! t^i^oo = P'"-' Yl ^0^(108 IpI)^ + O" 

N=0 

(m - 1)! ti?o. = P"--' "of (log \p\f + O" 



N=0 
Ms 



(m - = p™-i 5^ rjf )(log IpI)^ + O 



N=0 



where 



Ml 



2(m - 2) 



Mo 



2(m - 1] 



n 



1 





2m 


M3 = 






n 



and the coefficient functions rj^^ are smooth and independent of t. Define 'g'jj as 
in Proposition I3.14[ The requirement that 'g' E M. imphes that the perturbation 
terms take the form 



(3.38) 



Ml 

m!0oo = P™5^/t(^Hlog|p|) 

N=Q 

m!0o.=p"^$^pS^Hlog|p|) 

Ma 

m!</),,=p-^A;f)(log|p|) 

N=0 



N 



N 



N 



with coefficients smooth and independent of t. (It is straightforward to modify the 
argument to allow more general perturbations; for example, only to require that 
^00' fi^oi ^ C)ne finds that the only solution is the one constructed here with 
g' G M..) Since g' & Ai, the components R'qq, Rq^, R[j take the same form as 

in (13.371) with coefficients r'jj^ determined by fl3.32p . Upon substituting the first 
line of (13.381) into the first line of (13.321) . one finds by considering the coefficients 
of (log IpI)^ inductively that requirement Rqq = O™' can be satisfied and uniquely 
determines the coefficients /t'-^-* at p = 0. Since Mi < M2, the term ^dfp(j)oo in 

the second line of (13.321) can be written in the same form as that of tR'^^ in (I3.37p . 
Substituting the second line of (13.381) into (I3.32p . one finds that the requirement 



i?Qj = O™" can be satisfied and uniquely determines the p, 
using m n, one finds that the requirement i?-- = 



(N) 



at p = 0. Similarly, 
can be satisfied and 
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uniquely determines the A^^ at p = 0. Now consider the Bianchi identities fl3.13p . 
The form of the components R'lao is given by Proposition 13.131 and the induction 
hypothesis. Substituting into (I3.13P and using the vanishing R'jj = O"^ for /, 
J 7^ oo, one finds successively that Rq^ = 0™~^, R[^ = O™"^, and (again using 
m ^ n) R'oooo — 0^~^. It is evident from Lemma [3.21 that if g has the form fl3.14p . 
then ^' does too, and it is also evident that if g is smooth, then g' is too. This 
concludes the induction step in case m ^ n. 

Finally consider the case m = n. The argument for the determination of the 
components 0oo and 0oj mod O""*"^ is unchanged. The first two lines of (13. 130 then 
show that -Rqoo; R'ioo — O"^^. For m = n we have M3 = 2. Substituting into 
the third line of (13.321) . one finds that one can uniquely choose the coefficients 
A^^^ for = 1,2 and the trace- free part tf(A.°'') at p = to make rf^, ^'iP ^ 
tf(r,-^-^^) = 0(p). This leaves us with 

^;. = cp"~^(log|p|)2^?., + 0" 

for some smooth c, and there remains an indeterminacy of a multiple of p^gij in 
(pij. Proposition 13.131 and the induction hypothesis imply that 

2 

Af=0 

Substituting this information into the third line of (13.130 . one finds that c, TooL^ 
and r'^lo all vanish at p = 0. Thus we have R[j = and (n — 2)\ R'^^ = 
p'^~'^r'^}x> + 0"~^. Now an inspection of the last line of (13.320 shows that one 
can uniquely fix the p^gij indeterminacy in 0jj to kill this last coefficient in R'^^, 
completing the induction step. In principle, this argument allows the possibility 
that a log term might be created in (pij even if g is smooth, but the same reasoning 
as in the proof for n odd in Theorem 12.91 shows that this potential log term does 
not occur. □ 

We remark that similar arguments using the form of the perturbation formulae 
(I3.32P for the Ricci curvature show that the metrics constructed in Theorems 13. 7^ 
13.91 and 13.101 are the only formal expansions of metrics for p > or p < involving 
positive powers of |p| and log |p| which are homogeneous of degree 2, Ricci-fiat to 
infinite order, and in normal form. 

Convergence of formal series determined by Fuchsian problems such as these in 
the case of real-analytic data have been considered by several authors. In partic- 
ular, results of [BaoGj can be applied to establish the convergence of the series 
occuring in Theorems 13.71 and 13.91 (and also in Theorem 13.101 if the obstruction 
tensor vanishes) if g and h are real-analytic. Convergence results including also 
the case when log terms occur in Theorem 13. 101 are contained in [K]. 
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Other treatments of va rious aspects of the construction and properties of ambient 



metrics are contained in [CG], jGPl] . jB?G] . [GP2] . 

4. PoiNCARE Metrics 

In this chapter we consider the formal theory for Poincare metrics associated 
to a conformal manifold (M, [g]). We will see that even Poincare metrics are in 
one-to-one correspondence with straight ambient metrics, if both are in normal 
form. Thus the formal theory for Poincare metrics is a consequence of the results 
of Chapter [31 The derivation of a Poincare metric from an ambient metric was 
described in |FG] . and the inverse construction of an ambient metric as the cone 
metric over a Poincare metric was given in §5 of |GrLj . 

The definition of Poincare metrics is motivated by the example of the hyperbolic 
metric 4(1 — |xp)~^(7e on the ball, where Qe denotes the Euclidean metric. Let 
(M, [g]) be a smooth manifold of dimension n > 2 with a conformal class of metrics 
of signature {p,q)- Let be a manifold with boundary satisfying dM^ = M. 
Let r denote a defining function for i.e. r G C°°(M+) satisfies r > in 

the interior M^, r = on M, and dr 7^ on M. A smooth metric g+ on 
of signature {p + l,q) is said to be conformally compact if r'^g+ extends smoothly 
to M+ and r'^g+\M is nondegenerate (so r'^g+ has signature {p + l,q) also on 
M). A conformally compact metric is said to have conformal infinity (M, [g]) if 
r'^g+lxM £ [g]- These conditions are independent of the choice of defining function 
r. 

In the following, we will be concerned only with behavior near M. We will 
identify M+ with an open neighborhood of M x {0} in M x [0, cxd), and r will 
denote the coordinate in the second factor. We will use lower case Greek indices to 
label objects on M+. Let Sajj be a symmetric 2-tensor field in a open neighborhood 
of M X {0} in M X [0, 00). For m > 0, we will write S = ©^^(r"^) if ^ = ©(r"^) 
and ti g{i*{r~'^S)) = on M, where i : M — > M x [0, 00) is i{x) = (x, 0) and g is 
a metric in the conformal class [g]. 

Definition 4.1. A Poincare metric for (M, [g]), where [g] is a conformal class of 
signature {p,q) on M, is a conformally compact metric g^ of signature [p + l,q) 
on M^, where M_|_ is an open neighborhood of M x {0} in M x [0, 00), such that: 

(1) (7+ has conformal infinity (M, [g]). 

(2) If n is odd or = 2, then Ric(5'+) +ng^ vanishes to infinite order along M. 
If n > 4 is even, then Ric((7+) + ng^ G O'^i^^r'"'^) . 

Alternatively, one can consider metrics g- on of signature {p, q + 1) such that 
Ric((?_) — ng_ vanishes to the stated order. This is equivalent to the above upon 
taking g_ = -g+, with g -g and (p, q) {q,p). 

If g^ is a conformally compact metric, then \dr/r\g_^ = \dr\j.2g^ extends smoothly 
to Ml. The conformal transformation law for the curvature tensor shows that 
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all sectional curvatures of approach —\dr/r\'^^ at a boundary point (see jM]). 
We will say that a conformally compact metric is asymptotically hyperbolic if 
\dr/r\g^ = 1 on M. A Poincare metric is asymptotically hyperbolic. 

There is a normal form for asymptotically hyperbolic metrics analogous to the 
normal form for pre-ambient metrics discussed in Chapter [21 

Definition 4.2. An asymptotically hyperbolic metric g^ is said to be in normal 
form relative to a metric g in the conformal class if g^ = (rfr^ + gr), where gr 
is a 1-parameter family of metrics on M of signature {p, q) such that go = g- 

Proposition 4.3. Let (7+ be an asymptotically hyperbolic metric on and let 
g be a metric in the conformal class. Then there exists an open neighborhood U 
of M X {0} in M X [0, 00) on which there is a unique diffeomorphism from U 
into M_|_ such that (1)\m is the identity map, and such that (f)*g+ is in normal form 
relative to g onlA. 

We refer to §5 of [GrLj for the proof. The proof in [GrL] is for the case M = S"' 
and (?+ positive definite, but the same argument applies in the general case, arguing 
as in the proof of Proposition 12.81 if M is noncompact. 

We will say that an asymptotically hyperbolic metric g^ on is even if r'^g^ 
is the restriction to of a smooth metric h on an open set V C M x (— cx), cx)) 
containing M+, such that V and h are invariant under r —r. We will say that 
a diffeomorphism ip from M+ into M x [0, 00) satisfying iP\mx{o} = Id is even if 
"0 is the restriction of a diffeomorphism of such an open set V which commutes 
with r — »• — r. If is an even diffeomorphism and g+ is an even asymptotically 
hyperbolic metric, then 'il)*g+ is also even. An examination of the proof in ^GrL] 
shows that if 5^+ in Proposition 14.31 is even, then is also even. 

The first main results of this chapter are the following analogues of Theorems 12.31 
andE3 

Theorem 4.4. Let (M, [g]) be a smooth manifold of dimension n > 2, equipped 
with a conformal class. Then there exists an even Poincare metric for (M, [g]). 
Moreover, if g\. and g"^ are two even Poincare metrics for (M, [g]) defined on 
{M\_)° , (M^)°, resp., then there are open subsets C andU^ C contain- 
ing M X {0} and an even diffeomorphism (f) : ^ such that 0|mx{o} is the 
identity map, and such that: 

(a) If n = dimM is odd, then g\_ — (j)*g\ vanishes to infinite order at every 
point of M X {0}. 

(b) If n = dimM is even, then g\ — (j)*g1_ = 0^^(r"'^^). 

Theorem 4.5. Let M be a smooth manifold of dimension n > 2 and g a smooth 
metric on M. 

(A) There exists an even Poincare metric g^ for (M, [g]) which is in normal 
form relative to g. 
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(B) Suppose that and are even Poincare metrics for (M, [g]), both of 
which are in normal form relative to g. If n is odd, then g\_ — g\ vanishes 
to infinite order at every point of M x {0}. If n is even, then g\ — g\ = 

Theorem 14.41 follows from Theorem 14.51 and Proposition 14.31 just as in the proof 
of Theorem 12.31 Theorem 14. 51 will be proven as a consequence of Theorem 12.91 after 
we establish the equivalence of straight ambient metrics and even Poincare metrics 
in normal form. 

Let {Qi]]) be a straight pre-ambient space for (M, [g]). It follows from Propo- 
sition [2]1] that ||T|p vanishes exactly to first order on ^ x {0} C Q. Therefore 
(shrinking Q if necessary), the hypersurface Ti = Q fl {||T|p = —1} lies on one 
side of ^ X {0}. Since ||T|p is homogeneous of degree 2 with respect to the di- 
lations, it follows (shrinking Q again if necessary) that each dilation orbit in Q 
on this side intersects Ti exactly once. We extend the projection vr : ^ ^ M to 
n -.G C. ^xM MxRby acting in the first factor. Define x : MxM ^ Mx[0,oo) 
by x{^-:P) = i^-: a/2|p| j . Then (shrinking Q yet again if necessary), there is an 

open set M+ in M x [0, oo) containing M x {0} so that x ° ^Iw : is 
a diffeomorphism. In the following, we allow ourselves to shrink the domains of 
definition of 'g and gj^ without further mention. 

Proposition 4.6. // {Gi'g) is a straight pre-ambient space for (M, [g]) and Ti and 
M+ are as above, then 

(4.1) g+-= {{x^AnYyg 

is an even asymptotically hyperbolic metric with conformal infinity (M, [g]). Ifg 
is in normal form relative to a metric g & [g], then g+ is also in normal form rel- 
ative to g. Every even asymptotically hyperbolic metric g+ with conformal infinity 
(M, [g]) is of the form (14. ip for some straight pre-ambient metric g for (M, [g]). 
If g+ is in normal form relative to g, then g can be taken to be in normal form 
relative to g, and in this case g on {||T|p < 0} is uniquely determined by g^. 

Proof. Choose a metric g in the conformal class at infinity, with corresponding 
identification ^ x M = M_,_ x M x M. Set 5^00 = a, so a = a{x, p) is smooth 
and homogeneous of degree with respect to t. Then ||T|p = at^. According to 
condition (2) of Proposition 12.41 'g is straight if and only if it has the form 

(4.2) g = adt^ + tdtda + t^h, 

where h = h{x, p, dx, dp) is a smooth quadratic form defined in a neighborhood of 
M X {0} in M X M. The initial condition L*g = go is equivalent to a{x, 0) = and 
h{x,0,dx,0) = g{x,dx), and nondegeneracy of g is equivalent to dptt 7^ when 
p = 0. 
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Now Ti = {at"^ = —1}. On {a < 0}, introduce new variables m > and 
s > by a = — m^, s = ut. Elementary computation shows that adt^ + tdtda = 
s^u^'^du'^ — ds^. Therefore, in terms of these variables 7j can be written 

'g = s'^u~'^{h + dv^) — ds^. 

This is the cone metric over the base u~'^{h + dv^). Thus every straight pre- 
ambient metric is a cone metric of this form. In the new variables, Ti is defined by 
the equation s = 1. So the restriction of to TTi is the metric u~'^{h + dv?). 

First suppose that is in normal form relative to g. Comparing Lemma 13.11 
with (14.21) . one sees that this is equivalent to the conditions that dpa = 2 and 
h = gp{x, dx), where gp is a smooth 1-parameter family of metrics on M satisfying 
^^o = g- We obtain a = 2p and so m = \/—2p. By the definition of x, we see that 
u = r is the coordinate in the second factor of M x [0, oo). Hence g^ defined by 
( 14. ip is just the metric 

(4.3) g+ = r-'(dr' + g_r^,^ 

on M X [0, oo). Clearly g^ is an even asymptotically hyperbolic metric with con- 
formal infinity (M, [g]) in normal form relative to g. 

In the general case, we have g^ = u~'^{h + dv?) with u = \f^^ and h = 
h{x, p, dx, dp). Since r is given by r = a/2|p| and a vanishes exactly to first order 
at p = 0, we can write u = r6(a;, r^) for a positive smooth function b. Using this 
and writing p = ±|r^, one sees easily that g^ is an even asymptotically hyperbolic 
metric with conformal infinity (M, [g]). 

To see that every even asymptotically hyperbolic metric with conformal infinity 
(M, [g]) is of this form, take g to be given by (14. 2 p with a = 2p so that g^ = 
r~'^{h + dr'^) with p = — |r^. Writing 

h = hij{x, p)dx^dx^ + 2hioo{x, p)dx^dp + hooooi^, p)dp^ 

gives 

h + dr"^ = hij{x, —\r'^)dx''dx^ — 2rhioo{x, —\r'^)dx^dr + [l + r'^hoooo{x, —^r'^)] dr"^. 

An asymptotically hyperbolic metric g+ is even if and only if the Taylor expansions 
of the dx^dx^ coefficients of r'^g+ have only even terms, the Taylor expansions of 
the dx^dr coefficients of r'^g+ have only odd terms, and the dr^ coefficient of r'^g+ 
equals 1 at r = and has Taylor expansion with only even terms. Clearly, any such 
5+ can be written in the form r~^(/i + dr"^) for some h with all hap{x,p) smooth. 

In general, there are many straight pre- ambient metrics 'g such that (14. ip gives 
the same metric gj^: a given such 'g can be pulled back by a diffeomorphism of Q 
which covers the identity on M x M but which smoothly rescales the M+-fibers by 
a factor depending on the point in the base (and which restricts to the identity on 
Q X {0}). If, however, gj^ is in normal form and 'g is required also to be in normal 
form, then the determination a = 2p is forced. In this case, we saw above that if 
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h in (14.21) is written h = gp{x, dx), then is given by (14.31) . Clearly, uniquely 
determines h on {p < 0} . □ 

We summarize the relation for metrics in normal form. A straight pre-ambient 
metric in normal form can be written 

(4.4) g = 2pdt^ + 2tdtdp + t^gp 

for a 1-parameter family of metrics gp on M. Under the change of variables — 2p = 
r^, s = rt on {p < 0}, Tj takes the form 

(4.5) g = s^g+ - ds^ 

where g+ is given by (14.31) . 

We remark that the hypothesis in Proposition 14.61 that ^ is straight is important: 
if 'g is not assumed to be straight, then the metric g+ defined by ( 14. ip need not 
be asymptotically hyperbolic. Also, a cone metric s^k — ds^ over any base (A^, /c), 
where A^ is a manifold and k a metric on A^, is straight in the sense that for each 
s > 0, p e A^, the curve A — > (As,p) is a geodesic. 

The relation between the curvature of a cone metric and that of the base is 
well-known. We include the derivation for completeness. 

Proposition 4.7. Let (7+ he a metric on a manifold of dimension n + 1, and 
define a metric g = s^g^ — ds^ on x M+. Then 

Rm{g) = [Rm(^+) + ^+ ® g+] 
R\c{g) = Ric{g+) + ng+ 
R{g) = s-^ [R{g+) + n{n + 1)] 

Here Rm denotes the Riemann tensor viewed as a covariant 4-tensor, and for 
symmetric 2-tensors u, v we write 

2{u ® v)uKL = UikVjl - UilVjk + UjlVik - UjrVil, 

so that g+ ® g+ is the curvature tensor of constant sectional curvature +1. Also, 
tensors on M+ are implicitly pulled back to M+ x M_,_. 

Proof. Set s = e^; then g = e^^ {g^ — dy'^) is a conformal multiple of a product 
metric. Under a conformal change g = e'^^h, the curvature tensor transforms by 

Rm(5^) = [Rm{h) + 2A ® /i] , 

where A = — V^y + dy'^ — ^\dy\1 h. For h = g^ — dy"^ we have Rm(/i) = Rvni^g^), 
V^y = and = -1 so that A = l^g^ + dy"^). Thus2A®/i= {g+ + dy^)(3{g+- 
dy"^) = g+ & g+, which gives the first equation. The second and third equations 
follow by contraction. □ 
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Proposition 14.71 shows in particular that g is flat if and only if has constant 
curvature —1, g is Ricci-flat if and only if Ric((7+) = —ng^, and g is scalar-flat 
if and only if g+ has constant scalar curvature —n{n + 1). Also, it is immediate 
from the equation for Iim{g) in Proposition 14.71 that dtJlim{g) = 0; compare with 
Lemma 13.21 and the discussion before (16. ip . 

Proof of Theorem \4.5\ Given M and g, Theorem 12.91 shows that there exists an 
ambient metric in normal form relative to g, which by Propositions 13.31 and 13.41 
can be taken to be straight. According to Proposition 14.61 the metric g+ defined 
by (14.11) is even and in normal form relative to g, and (14. 5 p holds. Proposition 14.71 
shows that the Ricci curvature of g^ vanishes to the correct order, so that g^ is a 
Poincare metric for (M, [g]). This proves (A). Part (B) follows similarly from part 
(B) of Theorem 12. 9t every even Poincare metric g^ in normal form gives rise to a 
straight ambient metric in normal form by (14. 5p . □ 

Thus for metrics in normal form, the formal asymptotics for Poincare metrics is 
entirely equivalent to that for straight ambient metrics under the change of variable 
p = — In particular, via this change of variable one can easily write down the 
analogues for g+ of (KIT} . (I318|) . (13191) (ICTD . and Proposition [331 For future 
reference, we observe from ( 13.60 that for n > 3, the expansion for a Poincare metric 
(yf+ = {dr"^ + gr) in normal form begins: 

(4.6) {gr)ij = gij - Pijv'^ + ... 

(We have returned to our original notation of g^. for the M-component of r'^g^.) 

There is a substantial literature concerning the asymptotics of Poincare metrics. 
See for example [GrHl J and [HSSJ for direct analyses of the asymptotics up to 
order n in r from the Poincare metric point of view, and for a study of the 
asymptotics in the context of general relativity. 

As discussed in Chapter |3l Theorems 13.71 13.91 and 13.101 describe all formal ex- 
pansions involving powers of p and log \p\ of generalized ambient metrics in normal 
form. Proposition 14. 61 extends with the same proof to the case of metrics with such 
expansions; the relations between the expansions and regularity of g and g+ are 
determined by the change of variable p = —\r'^. This gives the following result 
describing all formal expansions g+ = (dr^ + gr) solving Ric((7+) = —ng^. 

Theorem 4.8. Let M he a smooth manifold of dimension n, and let g be a smooth 
metric of signature {p, q) and h a smooth symmetric 2-tensor on M such that 

g'^hij = 0. 

• If n = 2 and if h satisfies hij^^ = —-^R i, then there exists an even Poincare 
metric in normal form relative to g, such that tf {drgr\r=o) = h. These 
conditions uniquely determine gr to infinite order at r = 0. (The solution 
gr can be written explicitly; see Chapter^) 
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• If n > 3 is odd and if h satisfies hij^^ = 0, then there exists a Poincare 
metric in normal form relative to g, such that tf {d^gr\r=f)) = h. These 
conditions uniquely determine Qr to infinite order atr = 0, and the solution 
satisfies tig (d'^gj.\r=Q) = 0. 

• Let n > 4 be even. There is a natural pseudo-Riemannian invariant 1- 
form Di so that if h satisfies hij^^ = Di, then there exists a metric = 

[dr"^ + gr) satisfying go = g and Ric(5'+) = —ng^ to infinite order, such 
that gr has an expansion of the form 

oo 
N=0 

where each of the gi-^^ is a smooth family of symmetric 2-tensors on M 
even in r, and tf ^<9"(y'r'''* = h. These conditions uniquely determine 

the gi'^'^ to infinite order at r = 0. The solution gr is smooth (i.e. gi^"^ 
vanishes to infinite order for N > 1) if and only if the obstruction tensor 
Oij vanishes on M. 

The 1-form Di is given by 

— _ (-2)-"/2n! 
' ~ (n/2)! " 
where Di is the 1-form appearing in Theorem 13.101 

As for ambient metrics, if g and h are real-analytic, then the formal series for 
gr converges. 

For n odd, the even solution given by Theorem 14.51 is the one determined by 
Theorem 14.81 upon taking h = 0. 

We close this chapter by describing an alternate interpretation of Poincare met- 
rics in terms of projective geometry. This is motivated by the Klein model of 
hyperbolic space, which is the metric 

(1- ixn-^^(dx02+(i- (j^^'dx^y 

on the ball, whose geodesies are straight lines. Begin by recalling that two torsion 
free connections V and V' on the tangent bundle of a manifold are said to be 
projectively equivalent if they have the same geodesies up to parametrization, and 
that this condition is equivalent to the requirement that their difference tensor 
has the form f (j^j)^ for some 1-form v on M. Given a manifold with boundary 
A^, consider the class of metrics on which near the boundary have the form 
h/p+dp^/Ap^, where p is a defining function for the boundary and his a symmetric 
2-tensor which is smooth up to the boundary and for which h\TdN is nondegenerate 
of signature (p, g). It is easily checked that this class of metrics is independent of 
the choice of defining function so is invariantly associated to N. It is also easily 
checked that the conformal class of h\TdN is also independent of the choice of p, so 
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should be called the conformal infinity by analogy with the conformally compact 
case. Elementary calculations show that if V denotes the Levi-Civita connection 
of such a metric, then there is a connection V' which is smooth up to the boundary 
so that the difference tensor V — V takes the form V{i5j)^ where v = —dp/ p. (The 
equivalence class of v modulo smooth 1-forms is independent of p.) Thus it makes 
sense to call such metrics projectively compact; their geodesies are the same as 
those of a smooth connection up to parametrization. In the projective formula- 
tion, a Poincare metric is then defined to be a projectively compact metric with 
prescribed conformal infinity and with constant Ricci curvature —n. The change 
of variable p = r"^ transforms the class of projectively compact metrics to the class 
of even asymptotically hyperbolic metrics. As the construction of Proposition 14.61 
shows, the projectively compact metrics are more directly related to pre-ambient 
metrics than are the asymptotically hyperbolic metrics. A defining function p and 
the smooth structure on the space where the projectively compact metrics live are 
induced directly from that on the ambient space without the introduction of the 
square root. 

5. Self-dual Poincare Metrics 

In |LeBj . LeBrun showed using twistor methods that if is a real-analytic metric 
on an oriented real-analytic 3-manifold M, then [g] is the conformal infinity of a 
real-analytic self-dual Einstein metric on a deleted collar neighborhood of M x 
{0} in M X [0, oo), uniquely determined up to real-analytic diffeomorphism. As 
mentioned in |FG] . LeBrun's result can be proved as an application of our formal 
theory of Poincare metrics. In this chapter we show that the corresponding formal 
power series statement is a consequence of Theorem 14. 8[ The self-duality condition 
can be viewed as providing a conformally invariant specification of the formally 
undetermined term d^gr\r=o- 

Let M be an oriented 3-manifold. Give M x [0, oo) the induced orientation 
determined by the requirement that (9^,61,62,63) is positively oriented for a pos- 
itively oriented frame (61,62,63) for TpM, p G M. Here, as above, r denotes the 
coordinate in the [0, 00) factor. Throughout this chapter we will use lower case 
Greek indices to label objects on M x [0, 00), lower case Latin indices for objects 
on M, and a '0' index for the [0, 00) factor. 

Let g he a metric on M of signature {p, q) and let g+ = {dr^ + gr) be an 
asymptotically hyperbolic metric on in normal form relative to g, where M_|_ 
is an open neighborhood of M x {0} in M x [0, 00). Set g = dr"^ + gr- We denote 
by p the volume form of gr on M (the dependence on r is to be understood), and 
by 71 the volume form of g. In terms of a positively oriented coordinate system on 
M, these are given by pijk = Poijk = \/\detg^ eijk, where eijk denotes the sign of 
the permutation. We use 'g to raise and lower Greek indices and gr to raise and 
lower Latin indices. 
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The metric g and the orientation determine a Hodge * operator on A^(M-|.) 
which is conformally invariant so agrees with the * operator for g+. This induces 
an operator * : W — > W, where W C ®^T*M+ denotes the bundle of algebraic 
Weyl tensors; i.e. 4-tensors with curvature tensor symmetry which are trace-free 
with respect to g (or equivalently g+). If Wa/s-yS is a section of W, then 

(5.1) i*W)^^^s = ljIar^p.-y5. 

One has *^ = (—1)'^. We assume throughout the rest of this chapter that q is even 
(i.e. g = or g = 2) so that *2 = 1. Then W = >V+ © W~ , where denote the 
±1 eigenspaces of *. 

We will use an alternate description of the bundles W^. For {p,r) G M+ C 
M X R, define a map s : >V(p,r) ^ Q'^T*M by 

Observe that s{W) is trace-free with respect to gr since W is trace-free with respect 
to g: 

= = {gry'Wo^Oj + WqoOO = {grY'siW),,. 

We denote by 0qT*M the bundle on M+ whose fiber at (p, r) consists of the 
symmetric 2-tensors in the M factor which are trace- free with respect to gr{p)- No 
confusion should arise with this notation since this bundle restricts to M C M+ 
to the bundle for which this notation is usually used, and the context will make 
clear whether the bundle is considered as defined on M or M+. 

Lemma 5.1. s|w± : VV^ Q)'^T*M is a bundle isomorphism. (Here s is restricted 
to either the bundle or .) 

Proof. Since the bundles and QqT*M all have rank 5, it suffices to show that 
s|>v± is injective. If G W, then 

= r''W^^pj = [grf'Wua, + W,,or 

So if s{W) = 0, then {gr)''''Wkiij = 0. But then Wkuj is a trace-free tensor in 3 
dimensions with curvature tensor symmetry, so WkUj = 0. 
If also W G W^, then (jSTI]) gives 

The terms all vanish for which p or o" is 0, and the terms vanish in which neither 
p nor 0" is since Wiju = 0. Thus all components Wojki = 0. This accounts for all 
possible nonzero components of W, so W = and s|>v± is injective. □ 

We use Lemma 15.11 to represent sections of W*^ as one-parameter families of 
tensors on M. Let W denote the Weyl tensor of g and W its ± self-dual parts. 
Then for either choice of ±, s{W ) can be regarded as a one-parameter family 
parametrized by r of sections of the fixed bundle 0^T*M on M. Thus it makes 
sense to differentiate this family with respect to r. The following proposition gives 
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an expression for the first derivative of s{W^) in terms of derivatives of gr- We 
use ' to denote differentiation with respect to r and we sometimes suppress the 
subscript r on gr- 

Proposition 5.2. Let gr be a one-parameter family of metrics on M satisfying 
g[. = at r = 0, and let 'g = dr"^ + g^-. Then at r = we have: 

s{W% = -ltf{g':;)±\V,g'^^,f^,)'^. 

On the right hand side, tf, V and /i are with respect to the initial metric g^. 

We remark that the star operator on 2-forms on M with respect to g is given 
by (*'7)j = ^fJ'i'^^Vki- Thus the last term above can be interpreted as a multiple 
of Sjm*dg", where d acts on g" as a 1-form-valued 1-form, * acts on the 2-form 
indices generated by d, and Sym symmetrizes over the two indices of *dg". 

Proof. Specializing the indices in 

(5.2) Waf3-fS = Rap-^S " {P a-fg pS " PaSg^-y - P/S-ygaS + Pf^Sga-y) 

and using the form of 'g gives 

W^OiOi = RoiOj — {Poogij + Pij) ■ 

But we know that the left hand side is trace- free in ij with respect to gr, so taking 
the trace-free part with respect to gr and recalling the definition of P gives 

WoiQj = tf [RoiOj — ^Rij) ■ 

Now Rij = T^Raipj = Roioj + g^^Rikjh giving 

(5.3) W^iQj = |tf [Roioj — g^^Rikji) ■ 

Next, ([EI]) gives (*W^)oiOj = paOj = If^oi^^Wkioj- Specializing (Q again, 

substituting, and simplifying gives easily 

{*W)QiQj = [Rojki — Rokgji) ■ 

However, JiQi^'-RQkgji = J^oi^jRok is skew in ij and {*W)oioj is symmetric in ij, so 
we can symmetrize to obtain 

(5.4) i*W)oioj = \TLQi^^%)oik- 

Now it is straightforward to calculate the curvature tensor of ^ = dr^ + gr, 
one obtains the curvature tensor of a product metric plus extra terms involving 
r-derivatives of gr- The result (cf. Gauss-Codazzi equations) is: 

Rijki = Rijki + 1 {gWjk - 9ik9ji) , 
Rojki = I {"^ig'jk - ^^kg'ji) , 
-KoiOj — ~23ij ~^ ^9 girgjs^ 
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where Rijki and V are with respect to metric on M with r fixed. Substituting 

into (15.31) and (15. 4p gives 

Woioj = -i tf + - y'^gid,) , 

Now differentiate these equations with respect to r at r = 0. Since g' = a.t 
r = 0, it follows that raising indices, taking the trace-free part and applying V all 
commute with the differentiation. Similarly, the derivatives of Rij and Hjki vanish 
at r = 0. Thus we have at r = 0: 

Adding and subtracting yields the stated formula. □ 

On an oriented pseudo-Riemannian 3- manifold of (arbitrary) signature {p,q), 
the Cotton tensor Cjki can be reinterpreted as a trace-free symmetric 2-tensor. 
Define 

We sometimes write C{g) to indicate the underlying metric. The fact that Cyki] = 
implies that Cij is trace-free: 

g'^C, = li^^'C.ui = 0, 
and the fact that Cjki is trace-free implies that Cij is symmetric: 

jj,' Lij = Hi Cjki = (-ij [g g - g g ) cjki = u. 

The fact that Cjki,^ = implies that Cj^/ = 0. 

We will say that a Poincare metric (7+ is a ± self-dual Poincare metric if W^{g-^.) 
vanishes to infinite order. The main result of this chapter is the following theorem. 

Theorem 5.3. Let g be a smooth metric of signature {p, q) on a manifold M of 
dimension 3, with q even. 

(1) A Poincare metric g+ = (dr^ + gr) in normal form relative to g is a ± 
self-dual Poincare metric if and only if 

(5.5) |r=o = ±2C{g). 

(2) There exists a ± self-dual Poincare metric g^ in normal form relative to 
g, and such a g^ is uniquely determined to infinite order. 
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Proof. If is a Poincare metric in normal form relative to g, then Theorem 14.81 
shows that gr'\r=o is trace-free and (14 .Op shows that gr\r=o = —'^Pij- Thus Propo- 
sition [52] shows that at r = we have: 

(5-6) =-K'±i-"(/'a)H 

This must vanish if vanishes to infinite order, which establishes the necessity 

of dESD. 

For the converse, we must show that vanishes to infinite order if (15.51) holds. 
For this we use the fact that W^{g-^.) satisfies a first order equation as a consequence 
of the Bianchi identity and the fact that g+ is Einstein. The contracted second 
Bianchi identity in dimension 4 can be written V^Wa/B-jS = —Cf^-yS- The Cotton 
tensor vanishes for Einstein metrics, so it follows that V^Waisjs = 0{r°°), where 
W, V and index raising are with respect to Now rewrite V^Wais^ys in terms of 
V and W. The connections of g^ and g are related by 

Using this to transform the covariant derivative shows that 

where on the right hand side the index is raised using g. Now substitute W^p-ys = 
af3^5 to conclude that 

Since V commutes with *, this equation also holds for . Using r" = S°'o, we 
therefore obtain 

(5.7) rr'wlp^s-W^p,5 = 0ir^). 

Suppose we know that = 0{r^) for some s. Write = r^V and substitute 
into dEZD- One obtains (s - lY'Vop^s + 0{r'+^) = 0(r°°). So if s ^ 1, then 
VoP'yS = at r = 0. Taking P'y6 = iOj shows that s(y) = at r = 0, which implies 
y = at r = by Lemma [5. 1[ Thus one concludes that W = 0(r"+^) if s ^ 1. 

We use this observation inductively. Begin with s = to conclude that = 
0{r) for any Poincare metric in normal form. If also (15.51) holds, then (15. 6p shows 
that s{W y = at r = 0, which gives W = O(r^). Now the induction proceeds 
to all higher orders and one concludes that = 0{r°°) as desired. 

Part (2) is an immediate consequence of (1) and Theorem 14.81 For any metric 
g on M, the tensor C{g) is trace-free and divergence-free. Take h = ±2C{g) in 
Theorem 14. 81 to conclude the existence of a Poincare metric in normal form relative 
to g which satisfies (15.51) . Part (1) implies that this Poincare metric is ± self-dual 
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to infinite order. Uniqueness follows from the necessity of flS.Sp in (1) together 
with the uniqueness statement in Theorem 14.81 □ 

It follows by putting metrics into normal form that two self-dual Poincare metrics 
with the same conformal infinity agree up to diffeomorphism and up to terms 
vanishing to infinite order. 

If g in Theorem 15.31 is real-analytic, then C{g) is also real-analytic, so the series 
for Qr converges as mentioned earlier. Thus one recovers LeBrun's result. 

We remark that for definite signature, one can prove a version of part (1) of 
Theorem 15.31 concluding ± self-duality in an open set near the boundary for metrics 
which are Einstein in an open set and which satisfy (15. 5p . This is stated as Theorem 
3 of P?2] . 

6. Conformal Curvature Tensors 

In this chapter we study conformal curvature tensors of a pseudo-Riemannian 
metric g. These are defined in terms of the covariant derivatives of the curvature 
tensor of an ambient metric in normal form relative to g. Their transformation 
laws under conformal change are given in terms of the action of a subgroup of the 
conformal group 0{p + 1,0' + 1) on tensors. We assume throughout this chapter 
that n > 3. 

Let g he a. metric on a manifold M. By Theorem 12.91 there is an ambient 
metric in normal form relative to g, which by Proposition 12.61 we may take to be 
straight. Such a metric takes the form fl3.14p on a neighborhood of ]R_|_ x M x {0} 
in ]R_|_ X M X M. Equations fl3.17p determine the 1-parameter family of metrics 
gij{x, p) on M in terms of the initial metric to infinite order for n odd and modulo 

0(p"/^) for n even, except that also g^-^dp^'^gij\p=o is determined for n even. Each 
of the determined Taylor coefficients is a natural invariant of the initial metric g. 

We consider the curvature tensor and its covariant derivatives for such an am- 
bient metric g. In general, we denote the curvature tensor of a pre-ambient metric 
by R, with components Rijkl- Its r-th covariant derivative will be denoted R^'^\ 
with components R^jkl Mi---Mr- Sometimes the superscript ^''^ will be omitted when 
the list of indices makes clear the value of r. Using fl3.15p . it is straightforward 
to calculate the curvature tensor of a metric of the form fl3.14l) . One finds that 
RijKo = (another derivation of this is given in Proposition 16.11 below) and that 
the other components are given by: 



Rijkl t 



Rijkl + \{9ii9'jk + djkg'ii - Qikg'ji - Qjig'ik) + T^ia'ikd'ji - gWjk) 



(6.1) R^,M=\t^ [Vig'^,-Vkg-i] 



D —1+2 
-fi-ooj'fcoo „ 



9jk 7:9^'^9jp9kq 
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Here ' denotes dp, Rijki denotes the curvature tensor of the metric gij{x,p) with 
p fixed, and V its Levi-Civita connection. Components of the ambient covari- 
ant derivatives of curvature can then be calculated recursively starting with these 
formulae and using fl3.16p . 

Fix a straight ambient metric g in normal form relative to g. We construct 
tensors on M from the covariant derivatives of curvature of g as follows. Choose an 
order r > of covariant differentiation. Divide the set of symbols IJKLMi ■ ■ ■ My. 
into three disjoint subsets labeled So, Sm and Soo- Set the indices in Sq equal to 0, 
those in S^o equal to cxd, and let those in Sm correspond to M in the decomposition 
M+ X M X M. (In local coordinates, the indices in Sm vary between 1 and n.) 
Evaluate the resulting component RijKL,Mi --Mr at p = and t = 1. This defines 
a tensor on M which we denote by ^ . (Recall that the submanifold |p = 

0, t = 1} of M+ X M X R can be invariantly described as the image of g viewed as 
a section of Q.) 

Consider for example the case r = 0. Since Rijko = as noted above, we 
must choose Sq = ^ ui order to get something nonzero. If we choose also S^o = 
so that Sm = {UKL}, then the resulting tensor Rsg^sM,Soc '^^^ determined 
by setting p = and t = 1 in the first line of (16.11) . Recall from (13. 6p . (13.71) 
that g'ij\p=o = 2Pij. This gives Rijki\p=o = t'^Wijki, so in this case the tensor 

^So,Sm,Soo Weyl tensor of g. Similarly one finds that Rcx>jki\p=o,t=i = Cjfcz is 

the Cotton tensor of g. The tensors for all other possibihties for the subsets Sq, 
Sm, Soo are determined from these and from Roojkoo by the usual symmetries of the 
curvature tensor. Now Roojkoo is given by the last line of (16.11) . When n = 4, the 
trace- free part of fi'Jfc|p=o depends on the specific ambient metric which has been 

chosen and is not determined solely by g, so the same holds for Roojkoo- However, 
when n 7^ 4, one finds using the first line of (I3.18P and the last line of (16. ip that 
Roojkoo\p=o,t=i = —{n — 4:)~^Bjk. Thus the conformal curvature tensors which arise 
for r = are precisely the Weyl, Cotton, and Bach tensors of g: 

~ ~ ~ -B A; 

(6.2) Rijki\p=o,t=i = Wijki, Roojki\p=Q,t=i = Cjki R, ' ~ 



oojr'fcoo |p=0, t=l 



n- A 



Iterated covariant derivatives of R can be can be calculated recursively using 
(I3.16p . For example, one obtains 

Rijkl,m\p=0,t=l ^ijklmy Roojkl,m\p=Q,t=l ^jklmy 

where 

^ijklm ^^ijkl,m ~l~ gimCjkl gjmCikl ~\~ gkmCuj gimCkij 
Yjklm = Cjkl,m — PrnWijkl + [n — A) ^{gkmBjl — gimBjk), 

and we assume that n 7^ 4 for Roojki,m- 
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The usual identities satisfied by covariant derivatives of curvature imply iden- 
tities and relations amongst the conformal curvature tensors. For example, we 
conclude that 

yijklm = y[ij][kl]m Vi[jkl]m = Vij[klm] = 

Yjklm 'Yj[kl]m Y[jkl]m ^'[fc/m] 0. 

The differentiated Ricci identity for commuting ambient covariant derivatives gives 
relations involving the conformal curvature tensors. The asymptotic Ricci-fiatness 
of the ambient metric gives relations amongst different conformal curvature tensors 
about which we will be more precise shortly. The covariant derivatives of ambient 
curvature also satisfy extra identities involving the infinitesimal dilation T arising 
from the homogeneity and straightness conditions, as follows. 

Proposition 6.1. The covariant derivatives of the curvature tensor of a straight 
pre-ambient metric g satisfy: 

(1) T^RlJKL,Mi -Mr = -Y7s=lRlJKMs,Mi-Ms-Mr 

(2) T^RijKL,Mv-MsPMs+vMr = 

— (s + 2)RjjKL,Mi---Mr ~ X]t=s+1 ^IJKL,MvMsMtMs+i-Mf-Mr' 

Condition (1) in the case r = is interpreted as the statement T^Rukl = 0, or 
equivalently Ruko = 0, mentioned above. Note also that the case s = r in (2) 
reduces to 

(6.4) T^RlJKL,Mv-M.P = -{r + 2)RjjKL 

Proof. Differentiating the identity j = 6^ j shows that jj = 0. Commut- 
ing the derivatives shows that T^Rjjkl = 0. Now differentiating this relation 
successively and using again T^^m = S^m proves (1). 

The identity (2) can be proved as a consequence of (1) by commuting the con- 
tracted index to the left using the differentiated Ricci identity and then applying 
the second Bianchi identity and (1). It can alternately be derived directly as fol- 
lows. Recall the general formula for the Lie derivative of a covariant tensor U in 
terms of a torsion-free connection: 

(6.5) (CxU),..., = X^U,...,^k + X\,Uk...j + ■■■ + X\jU,...k. 

From the fact that Crg = 2g, it follows that CtR^"^^ = 2R^^^ for all r. Using 
this and = 6^ j in (16.51) . one concludes (16. 4p . Replacing r by s in (16. 4p and 
differentiating r — s more times using again j = 6^ j gives (2). □ 

Recall that = t5\. So a consequence of Proposition 16.11 is that t times 
a component of a tensor i?'-'"^^) with a index can be expressed as a sum of 
components of R^"^"* with the index removed and with the remaining indices 
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permuted. This implies a corresponding statement relating tensors R^^ and 
^, ^, on M. 

When n is odd, for any choice of r and Sq, Sm, <Soo, the tensor Rg^^g^j- 5^ depends 
only on g and each such tensor is a natural tensor invariant of g. However, as we 
have seen in the examples above, when n is even some of these tensors may depend 
on the specific chosen ambient metric and not just on g. The next result gives 
precise conditions for this not to happen. 

Proposition 6.2. Denote by sq, sm, Soo the cardinalities of the sets Sq, Sm, 
Soo- Suppose n is even and sm + 2soo < n + 1. Then the tensor Rs^^sM,Soa '^^ 
independent of the specific ambient metric which has been chosen and is a natural 
tensor invariant of g. 

Proof. Consider a component RijKL,M\ - Mr ^ straight ambient metric 'g in nor- 
mal form relative to g. Let sq, sm, Soo denote the number of O's, indices correspond- 
ing to M, and cxd's, resp., in the list IJKLMi ■ ■ - Mr- We will prove by induction 
on r the following statement: all components of satisfy that RijKL,Mi---Mr 
mod 0(p^""''^^*"^^''°°^/^) is independent of the 0(p"/^) ambiguity of the compo- 
nent gij{x,p) ofg. Proposition 16.21 follows from this upon restricting to p = and 
using the fact that the Taylor coefficients of gij{x,p) of order < n/2 are natural 
tensor invariants of g. 

We observe first that it suffices to assume that the power of p in our inductive 
statement satisfies {n + 2 — sm — 2soo)/2 < n/2 — 1. Otherwise sm + 2soo < 3, 
which implies that at most 3 of the indices IJKLMi ■ ■ ■ Mr are not equal to 0. 
Such a component RijKL,Mi --Mr vanishes identically by Proposition 16. 1[ 

Now proceed with the induction. The case r = follows easily from (16. ip and 
RijKo = 0. For the inductive step, consider RijKL,Aii --MrP- 

If P = 0, the fact 

that the ambiguity of this component is no worse than that of Ri.jKL,M\-Mr follows 
immediately from (16.41) . For P 7^ 0, write 

RlJKL,Mi---MrP = dpRlJKL,Mi-Mr ~ ^fpRAJKL,Mi---Mr — ■ ■ ■ — '^M^pRlJKL,Mv A- 

If P 7^ 00, then the ambiguity in the first term on the right hand side vanishes to 
the same order as that in Rijkl,Mi - Mt^ while if P = cxd, then it vanishes to one 
order less. Thus the required vanishing for the first term follows from the inductive 
hypothesis. Consider next the second term. The Christoffel symbols are given by 
( I3.16p . They have their own ambiguity of at most 0{p^^/'^~^^) owing to the 0(p"/^) 
ambiguity in gij{x,p). But since by the observation above we can assume that 
{n + 2 — Sm — 2soo)/2 < n/2 — 1, we can neglect the ambiguity in the Christoffel 
symbols. Consider the ambiguity in the second term arising from the ambiguity 
in Rajkl,Mi - au- If P = 00, then we need to show that the order of vanishing of 
this ambiguity is at most 1 less than that of RijKL,Mi---Mr- But this is clear from 
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the inductive hypothesis without even considering the Christoffel symbol since 
these two components of R'^'^^ have at most one different index and the change in 
ambiguity from changing one index is at most 1. If P = p is between 1 and n, we 
need to show that the order of vanishing of the ambiguity in Vf^RAjKLAiv-Mr is 
at most I less than that of RijKL,MvMr- This is clear by the same reasoning as 
in the case P = oo unless 1 = and A = oo. But f l3.16p shows that = 0, so 
that the inductive statement holds in this case also. The same reasoning as for the 
second term applies to the remaining terms on the right hand side above. □ 

The weighting which appears in Proposition 16.21 suggests the following definition. 

Definition 6.3. We define the strength of lists of indices in R"+^ as follows. Set 
||0|| = 0, = 1 for 1 < i < n, and ||oo|| = 2. For a list, write ||J... J|| = 

Proposition l6.2l thus asserts that for n even, the curvature component RijKL,Mi --Mr 
of a straight ambient metric in normal form relative to g is well-defined at p = 
independent of the choice of ambient metric so long as \\IJKLMi ■ ■ ■ Mr\\ < n + 1. 

Next we consider the trace-free condition imposed by the asymptotic Ricci- 
flatness of ambient metrics. 

Proposition 6.4. If n is odd, the covariant derivatives of curvature of a straight 
ambient metric in normal form relative to g satisfy at p = 0: 

(6.6) g'^'RijKLMi-M. = 0- 

If n is even, the same result holds assuming that \\JLMi ■ ■ ■ Mr\\ < n — 1. 

Proof. The result is clear for n odd since the Ricci curvature of vanishes to infinite 
order. For n even we prove by induction on r the statement that 

g J^IJKL, Mr-Mr — <^IP ) 

for all components JLMi ■ ■ ■ Mr- The desired result then follows upon setting 
p = 0. 

The case r = of the induction is a consequence of the fact that Rjl = 

-^^^ induction, write 

g^^ RlJKL,MvMr = (g^^ RlJKL,Mr--Mr-i),Mr = dhlXg^^ RlJKL,MvMr-i) 

~ ^jMr9^^RlAKL,Mr--Mr-i - • • • - T^i^_^Mr9^^ RlJKL,Mi-A- 

The bound on the first term on the right hand side follows from the induction 
hypothesis and the effect of differentiation on the order of vanishing. The bound on 
the remaining terms is easily seen to be a consequence of the induction hypothesis 
and the fact that Fj^ = for ||/|| > || J|| + which follows from fl3.16l) . □ 
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When the trace in (16.61) is written out in terms of components, the resulting identity 
can be interpreted as expressing a trace with respect to (? of a conformal curvature 
tensor R\> <r c in terms of other conformal curvature tensors. 

Suppose now we choose a conformally related metric 'g = e^^g. By Proposi- 
tion 12.81 an ambient metric in normal form for g can be put into normal form 
for ^ by a unique homogeneous diffeomorphism which restricts to the identity on 
Q. By calculating on Q the Jacobian of this diffeomorphism and using the fact 
that the ambient curvature tensors are tensors, we will be able to compute the 
transformation laws of the conformal curvature tensors under conformal change. 
We denote the coordinates relative to 'g by (t, x, p) and the conformal curvature 

tensors for ^ by RsIsm,Soo = RiJKL,Mi -Mr\p=o,t=i- 

Proposition 6.5. Let g and 'g = e^^g be conformally related metrics on M. Let 
IJKLMi ■ ■ ■ Mr he a list of indices, Sq of which are 0, Sm of which correspond to 
M, and Soo of which are oo. If n is even, assume that sj\/ + 2s od < n + 1. Then 
the conformal curvature tensors satisfy the conformal transformation law: 

(6.7) RlJKL,Mi-Mr\p=0,t=l = e^*-^ ^°°^^RABCD,FvFr\p=0,t=lP^I---p^''Mr, 

where p^i is the matrix 



We make several observations and explanations before giving the proof. For 
each division of IJKLMi ■ ■ - Mr into subsets So, Sm, and Soo, the identity (16.71) 
is a relation amongst tensors on M. If T is constant, then p^j = S^i and (16.71) 
just tells how R^SqSm <Soo scales. Because of the upper-triangular form of the matrix 
p^i, in the general case the other terms on the right hand side all involve "earlier" 
conformal curvature tensors in the sense that each 'z' can be replaced only by 
and each oo only by an 'z' or a 0. The conformal transformation law of a 
conformal curvature tensor involves only other conformal curvature tensors and 
first derivatives of T. ^ 

Consider the case r = 0. If we take Sq, Sqo = 0, then Rijki\p=oj=i = Wijki 
is the Weyl tensor of g, and since Rijko = 0, it follows that (16. 7p reproduces 
the conformal invariance Wijki = e^'^Wijki of the Weyl tensor. Taking I = oo 
reproduces the transformation law Cjki = Cju — T^Wijki of the Cotton tensor, and 
taking /, L = oo gives for n 7^ 4 the transformation law 



of the Bach tensor. For n = 4 we have already noted the conformal invariance of 
the Bach tensor in its appearance as the obstruction tensor. 



(6.8) 




B^k = {B,k + (n - 4) [T' 



(Cjkl + Ckjl) — T"*T"'W^ijfcz] ) 
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The conformal transformation law (16.71) is one of the most important features 
of the conformal curvature tensors and makes evident the importance of their 
interpretation as components of tensors on the ambient space. Since the conformal 
curvature tensors clearly vanish if g is flat, one consequence of (16.71) is that they 
also vanish if g is locally conformally flat. This is not a priori obvious since 
they are not individually conformally invariant. We will remove the restriction 
sm+2soo < n+1 from this observation in even dimensions in Chapter[71 Collections 
of tensors on M which transform conformally according to rules of the form (16.71) 
define sections of weighted tensor powers of the cotractor bundle associated to the 
conformal structure. See [BEGo] . [Gol] for development of this point of view, and 



CG , |BrG] . |AL] for discussion of the relation between tractors and the ambient 
construction. Note that for each x G M, the matrix p^i[x) is in the orthogonal 
group of the quadratic form 

^0 l' 

gij{x) 
.1 0, 

Proof of Proposition \6.5[ Let g he a straight ambient metric in normal form 
relative to g. The metric g is defined on a neighborhood of ^ x {0} in ^ x M. If 
we use the trivialization induced by g to identify Q with ]R_|_ x M, then 'g takes the 
form (13.141) . According to Proposition 12.81 we can put g in normal form relative 
to ^ by a unique homogeneous diffeomorphism (p defined on a neighborhood of 
Q X {0} which restricts to the identity on Q. If on the ^ side we identify Q with 
M+ X M using the trivialization induced by 'g, then (j)*g will take the form (13.141) 
in coordinates (t, x, p). The trivializations are related by (12. ip . Therefore we 
deduce the existence of a homogeneous diffeomorphism ■?/'(t, x, p) = (t,x,p) on a 
homogeneous neighborhood of IR+ x M x {0} into x M x R with the properties 
that g := ip*g takes the form (I3.14p in (t, x, p) and 

ij{%x, 0) = 0). 

Now differentiation of this relation determines the derivatives of the components 
of at p = in the t and x directions. The derivatives in the p direction are 
determined from these and from the requirement that ilj*g = 2tdtd'p + t^^ijdx^dx^ 
at p = 0. This gives 

{^Yi\p=o = 5^ 
\0 

Observe that this may be factored as 
(6.9) ^'|p=o = dipd2, 
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where p is given by (16.81) and 
(6.10) di 



(te' 





0^ 






Id 



















Each curvature component RijKL,Mi-Mr is homogeneous with respect to the 
dilations. Since 6*]) = s'^'g, it follows that for the full tensors we have 6*R^^^ = 
s'^R^^\ Since dt is homogeneous of degree —1 and dp and d^^ are of degree 0, 

we deduce that the component RijKL,Mi-Mr is homogeneous of degree 2 — sq. 
Therefore 

(6.11) RlJKL,Mi-Mr\p=0,t=l = '^^'^'"^^'^ RlJKL,MvMr\p=0,t=e-^ ■ 

Since the covariant derivatives of curvature are tensorial, we have 

RlJKL,Mi -Mr = RABCD,Fi -Fr O i' 0^')^ I " " " H'Y' Mr- 

Evaluate both sides at p = 0, t = and use (16.90 to obtain 

rLljKL,MvMr\p=o,t=e-^ — ^ ^ABCD,Fi---Fr\p=0,t=lP I'-'P Mr- 

When combined with (16.111) . this gives (16.71) . 

This argument is valid for all components of ambient curvature whether n is 
even or odd. However, when n is even, the components with sm + 2soo > n + 1 
generally depend on the ambient metric which has been chosen. To ensure that the 
component depends only on g as formulated in Proposition [63], we take sm+2soo < 
n + 1 and use Proposition 16.21 □ 

If n is even and \\IJKLMi - - - M^H > ?2 + 2, then the restriction of RijKL,Mi-Mr 
to p = in general does depend on the choice of ambient metric. The component 
Rooij oo,oo...oo is an important example. The next proposition, which we will use in 

n/2-2 

Chapter [71 makes explicit this dependence. 

Proposition 6.6. Let n > 4 be even. There is a natural trace-free symmet- 
ric 2-tensor Kij depending on a pseudo-Riemannian metric g, with the following 
properties. Let gu be an ambient metric in normal form relative to g, and write 
'Qij = t'^Qiji^^p)- Then Kij can be expressed algebraically in terms of the tensors 
g^-'\p=o and d^gij\p=o, < m < n/2 — 1, and one has 

(6.12) 2i?oojjoo,^^^|p=o, t=i = tf {dp^'^gij\p=o) + Kij. 

n/2-2 
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Proof. First suppose that g is straight. An easy induction beginning with the last 
hne of (16. ip and using (I3.16P shows that for m > 0, 

(6.13) 2t~^R^,, 

oo,oo...oo 

m 

where V^J^^ is a tensor depending polynomially on the indicated arguments. Define 

= tf (^/^-^i^o 

Using (13.21) . we have 

j.—2 ij p ~IJ p p 

g -'I'OOijOO, 00...00 g -'•'OO/JOO, 00...00 -'•'OOOO, 00...00 ■ 

m mm 

Since Rjj = 0{p^^'^^^), it follows that -Roojjoo,oo...oo|p=o,t=i is trace-free for m < 

m 

n/2 — 2. So restricting (16.131) with m = r;,/2 — 2top = 0, t = l and taking the 
trace-free part gives the desired conclusion. 

It is not hard to check using (13.20 and (13.30 that the last line of (16. ip and (16.130 
are also valid even if g is not assumed to be straight, so that the same proof is 
valid in the general case. The ^fQO and goi components simply do not enter into any 
of the expressions which occur. □ 

Evaluating the last line of (16.11) using (13:61) shows that Kij = -2ti [Pi'^Pjk) for 
n = 4. 

The discussion in the rest of this chapter concerns the dimension dependence of 
certain 2-tensors. Consider partial contractions C of the form 

pcontr(V'''i?® ■■■(g) V^i?) or pcontr (V'i? ® ■ ■ ■ (g) V'-^i? ® 5-) 

of the covariant derivatives of the curvature tensor of a metric g and possibly also 
g itself, in which 2 indices remain uncontracted. For partial contractions of the 
second type, we require that the uncontracted indices are the indices on g. Either 
type of partial contraction may be viewed formally as a choice of non-negative 
integers ri,--- ,rL, a pairing of the contracted indices, and an ordering of the 
uncontracted indices. Consider also formal linear combinations ^ = YlfLi fi{d)Ci 
of such formal partial contractions whose coefficients fi{d) are rational functions of 
a single variable d. Any such formal linear combination ^ defines a natural 2-tensor 
Evald=„ ^ in any dimension n > 3 which is a regular point for all the coefficients fi 
by evaluation on metrics in dimension n. One can also define the residue of ^ at 
any dimension n > 3 to be the natural 2-tensor in dimension n given by 

M 



Resd=ni = J^(Resrf=„ fi) Evald=„ Q. 



i=l 
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By considering the product of a metric in a given dimension with flat metrics, it 
can be seen that if ^ satisfies that for some no, Evald=„^ = for all n > no, then 
Resrf=„^ = for all n. Thus the residue at any dimension is independent of the 
way a given dimension- dependent family of natural tensors is written formally. 

The construction of the ambient metric in Chapter [3] shows that for each m > 1, 
there is a formal linear combination C,m as above such that if n is odd or if n is 
even and m < n/2, then for a straight ambient metric in dimension n in normal 
form relative to g, one has d^gij\p=o = Eva].d=n^m- For m > 0, the curvature 
component -Rooijoo,oo...oo|p=o,i=i can be so written as well for n odd or for n even and 

m 

m < n/2 — 2. Fix an even integer n > 4 and consider Resd=n Roo^joo,oo...oo\p=o,t=l■ 
n/2~2 

As noted above, the residue is independent of the choice of formal expression, so 
this notation is justified. For n = 4 we have Rooijoo\p=o,t=i = —{d — 4:)~^Bij from 
(16. 2p . Thus -Rooijoo|p=o,t=i has a simple pole at d = 4 with residue the negative of 
the Bach tensor. The following proposition generalizes this fact to higher n. 

Proposition 6.7. Let n > 4 be an even integer. -Rooijoo,oo...oo|p=o,t=i has a simple 

n/2-2 

pole at d = n with residue given by 

ReSd=nRooi,oo,^\p=o,t=i = (-1)"/^-^ [2^/^'\n/2-2y]~'o,,. 

n/2-2 

Proof. Write gij = t^gij{x,p) as in Proposition 16.61 The derivatives d'^gij\p=Q are 
all regular m. d ai d = n for < m < n/2 — 1, so the argument of Proposition 16.61 
shows that 

(6.14) Resrf=„ -Rooijoo,oo^^|p=o,t=i = |Resrf=ntf (5^''^5'jj|p=o) ■ 

n/2-2 

For d > n, ii {^^J"^ gij\p=o^ is determined by replacing n by in the first line of 

( I3.17p . setting the right hand side equal to 0, applying dp^'^ ^\p=Oi and taking the 
trace- free part. At p = one has 

df~' {P9% - {d/2 - l)^y = \{n - d)d-l''g,,. 

For the remaining terms in the right hand side of the first line of (13.171) . set 

T,, = tf {-pg'^'gWn + W9'u9[, - \g''g'km + R^^) Ip=o] • 

Then Tij is expressible in terms of the d^gij\p=Q for m<r;,/2 — 1, sois regular at d = 
n. Differentiation of (I3.17P as indicated above thus gives ^{n — d) tf {ff/J"^ gij\p={^ + 
Tij = 0, so 

(6.15) \ ReSd=n tf (9^/'^^J |p=o) = Tij\d=n- 
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On the other hand, the obstruction tensor Oij in dimension n is obtained by 
setting Rij = c-\2p)''/^~^Oij mod 0(p"/2) in the first fine of flSTT]) (without 
changing n to d), applying dp^'^~^\p=o, and taking the trace-free part. This gives 

c-'2^/^-\n/2-l)\0,,=T,,U=n. 
Combining with (]6.15p and (]6.14p gives the resuh. □ 

Thus {d — n)Rooijoo,oo...oo\p=o,t=i is a natural trace-free symmetric 2-tensor de- 
n/2-2 

pending on d regular also ai d = n which equals a multiple of the obstruction 
tensor for d = n. Of course, there are many other such tensors; one can add 
to i?oojioo,oo...oo|p=o,t=i any tensor regular at d = n. For example, one can re- 

n/2-2 

place -Roojj'oo, 00...00 |p=o,t=i by i tf (d^/' gij\p=o)', the relation fl6.12p holds also as 

n/2-2 

dimension-dependent natural tensors in dimensions d which are odd or which are 
even and > n, with Kij regular also at d = n. A main advantage of the choice 
RooijoD,oo...oo\p=o,t=i is that its tranformation law under conformal change is known 

ri/2-2 

and relatively simple, being given by (16 .yp for d odd or d > n even. 

One can also consider the continuation of -Rooijoo,oo...oo|p=o,t=i to even values of 

n/2-2 

d < n. In general, the pole is not simple and its order increases with n — d. 



7. CONFORMALLY FLAT AND CONFORMALLY EiNSTEIN SPACES 

If n is odd, an ambient metric in normal form is uniquely determined to infinite 
order by (M, g). Theorem 13.91 shows that within the family of all formal solutions, 
this one is distinguished by the vanishing of the p"/^ coefficient, or equivalently by 
the condition that it be smooth. In the Poincare realization, the corresponding 
condition is that the expansion have no term, or equivalently that it be even. 
The fact that there is such a normalization giving rise to a unique diffeomorphism 
class of ambient metrics associated to the conformal manifold (M, [g]) is crucial 
for the applications to jet isomorphism and invariant theory in Chapters [8] and [91 

When n is even, the situation is different primarily because of the existence of 
the obstruction tensor, which gives rise to the log terms in the infinite order expan- 
sions determined in Theorem I3.10[ But even for conformal classes with vanishing 
obstruction tensor, for which all formal solutions are smooth, the coefficient of p"/^ 
is undetermined, so there is not a unique solution. One can impose the condition 
that g be straight; this removes some of the freedom, but there is no apparent 
analog of the the odd-dimensional normalization. 
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In this chapter we discuss two famihes of special conformal classes for which 
there is a natural conformally invariant normalization in even dimensions giving 
rise to a unique diffeomorphism class of infinite order formal expansions for an 
ambient (or Poincare) metric. These are the locally conformally flat conformal 
classes and the conformal classes containing an Einstein metric. 

Consider first the case of a locally conformally fiat manifold (M, [g]). This 
means that in a neighborhood of any point of M, there is a fiat metric, say 7, in 
the conformal class. Now (16.11) implies that the metric 2pdt'^ + 2tdtdp + 1^7, with 
7 independent of p, is flat. If n is odd, this implies that every ambient metric 
is fiat to infinite order, since the ambient metric is unique to infinite order up to 
diffeomorphism and the condition that g is fiat is invariant under diffeomorphism. 
If 77, > 4 is even, the condition that g be flat to infinite order uniquely determines 
g to infinite order up to diffeomorphism. This follows from Theorem I3.1UI and 
Proposition 16. 6t the obstruction tensor vanishes and Theorem I3.1UI shows that the 

full expansion is determined by tf ^9p^^5'ij|p=oj > which by Proposition 16.61 must 

equal —Kij if g is flat. Thus we have: 

Proposition 7.1. Let n>3 and suppose that (M, [g]) is locally conformally flat. 
Then there exists an ambient metric g for (M, [g]) which is flat to infinite order, 
and such ag is unique to infinite order up to diffeomorphism. 

We remark that it follows from the fact that the metric 2pdt'^ + 2tdtdp + t^7 is 
straight, that g in Proposition 17. II can be taken to be straight. In Proposition 17.21 
and Theorem 17. 4[ we will extend Proposition 17.11 to establish the existence and 
uniqueness of a flat ambient metric not just to infinite order, but in a neighborhood 
of ^ X {0}. 

One consequence of Proposition 17.11 is that the conformal curvature tensors can 
be invariantly defined for all orders of differentiation for locally conformally flat 
metrics in even dimensions. Because of conformal invariance. Proposition 16.51 con- 
tinues to hold, so all the conformal curvature tensors are defined and vanish for 
locally conformally flat metrics. 

When n = 2 the situation is quite different. (Recall that when n = 2, every 
metric is locally conformally flat.) In fact, when n = 2, every straight ambient 
metric is flat to infinite order. This follows by consideration of the Poincare metric. 
If is a straight ambient metric, then Ric(5') vanishes to infinite order, so Propo- 
sition 14.71 shows that the Poincare metric (7+ defined in Proposition 14.61 satisfies 
that Ric((y'+) + ng+ vanishes to infinite order. Since the Ricci tensor determines 
the curvature tensor in dimension 3, it follows that Rm((7+) + ® (7+ vanishes 
to infinite order, so by Proposition 14.71 again, g is flat to infinite order. There are 
many diffeomorphism- inequivalent straight ambient metrics for (M, [g]); they are 
parametrized in Theorem 13.71 

An explicit formula for flat ambient metrics in normal form relative to an arbi- 
trary metric in the conformal class was given in }SSj (in the Poincare realization). 
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This is closely related to a result of Epstein |Elj describing the form of hyperbolic 
metrics near conformal infinity in terms of data on an interior hypersurface. In 
the following, we will denote by 7 an arbitrary metric in the conformal class on 
M, and hj g = Qp a metric obtained by fixing p in the ij component of an ambient 
metric. The formula of |SSj is as follows. 

Proposition 7.2. Let 'jij be a locally conformally flat metric on a manifold M of 
dimension n and let Pij be a symmetric 2-tensor on M . Set 

(7. 1) {gp)ij = lij + 2P,jp + PifcP^p' 

and define a metric g on IR+ x U , where U is the subset o/M x M on which gp is 
nondegenerate, by 

g = 2tdtdp + 2pdt^ + t^gp. 

Then g is flat if: 

• n>3 and P is the Schouten tensor of •y. 

• n = 2 and P is any symmetric 2-tensor satisfying 

Pi' = \R and Pij^ = \Ri. 

Here indices are raised and lowered using 7, indices preceded by a comma denote 
covariant derivatives with respect to the Levi-Civita connection of'j, and R denotes 
the scalar curvature of •j. 

Note that the local conformal flatness of 7 implies for n > 3 that the Schouten 
tensor of 7 satisfies Pij^k = P(ij,k)- For n = 2, the hypotheses on P imply that PiijM] 
is trace-free. But in two dimensions, a trace-free tensor Aijk satisfying Aij^ = ^i^fc] 
and ^[ijfc] = must vanish identically (see [W]). So in all dimensions, a consequence 
of the hypotheses of Proposition 17.21 is that Pij^k = P(ij,k)- 

As described in Propositions l4.6l and l4.7l under the change of variable p = 
the condition that g is fiat is equivalent to the condition that g^ is hyperbolic (i.e. 
has constant sectional curvature —1), where 

g+=r-^ (^dr^ + g_i^,,^ ■ 

Thus one obtains explicit formulae for hyperbolic metrics. Consequences for the 
coefficients in the expansion of the volume form of g+ in the case of a locally 
conformally flat infinity are given in [GJj . 

We will indicate three proofs of Proposition 17.21 First we prove it by direct 
calculation. 

Since there are two metrics involved, it is important to be careful about con- 
ventions for raising and lowering indices. We will use 7 to raise and lower indices 
with the one exception that g"^^ denotes the inverse of gij. Hereafter we write g for 
gp] the p dependence is to be understood. We can write 

gij = iiiU\u^j = UikU^j 
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where 

(7.2) U'j=5',+ pP'j. 

Note that g is nondegenerate precisely where U is nonsingular. Let V = U^^ so 
that VkU^j = and observe that Uij = Uji, Vij = Vjt. It is evident that 

(7.3) V^gkj = 
and 

(7.4) gl^ = 2P,,U\. 

First we derive the relation between the Levi-Civita connections and '''V and 
the curvature tensors ^Rijki and "'Rijki of g and 7. 

Lemma 7.3. Let g be given by (17. ip . where 'y is a metric, Pij is a symmetric 
2-tensor satisfying Pij^k = P{ij,k) '^^'^ p G M. If g is nondegenerate, then the Levi- 
Civita connections are related by 

(7.5) 'V^r]j=^V^7],-pV\P\^,Tiu 
and the curvature tensors by 

(7.6) ^Rijkl = RabklV^iU^ j- 

Proof. The right hand side of fl7.5l) defines a torsion-free connection, so for (17.51) 
it suffices to show that g is parallel. Differentiating (17. ip gives 

(7.7) '<Wkg^J = 2pP,,^k + 2p'P\,Pj)i^^. 

On the other hand, using (17. 3p . (17.20 and the symmetry of Pij^k gives 

y^lP\,(i9j)m = P''k,{iUj)l = Pij^k + pP\,(iPj)l- 

Combining these shows that g is parallel. 

Set D^jk = pV^iP''j,k- The difference of the curvature tensors of the connections 
is given in terms of the difference tensor by 

^Rmjkig^^ = ^R^jki + 2D'^j[i^k] + 2D'^ j[iD\-^c- 



Now 



D',i,k = P {V\,kP^,,i + V^P'^.^ik) 



Ik 



SO 



-pV\U',,kV\P'',,i + pV\P'',,^ 
~p'V\P\^kV\P'',^i + pV\P'',,ik 
~D\uD',i + pV\P%,iu 



^Rmjkig^"^ — '^R^'jkl + 2pV^"'Paj,[lk] 

= + pv'^ {m\ikPb, + m'.ikPab) 
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Using (17.31) ■ we obtain 

^Rijkl = jklQbi + pV^i i^R^alkPbj + jlkPab) 

= ^R''jklUbaU"'i + Pf^"i i^R^alkPbj + "'R^jlkPab) 

= [^R'.kl {Uab - pPab) + ^R\lk{pPb,)\ U\ 

= [^R'.kllab + ^RbalkipP'j)] U\ 

= l^Rajkl + '^Rabkl{pP j)] U"" i 

= [^Rabkl {6',+pP',)]U\ 

= ^RabklU''jU°'i, 

which is (Ei). □ 

We remark that (17. 6p can be viewed as a compatibihty condition on a solution 
Pij of the system Pi[j^k] = 0, which is overdetermined if n > 3. 



Proof of Proposition \7.2\ According to (16. ip , g is flat if and only if 
(7.8) ^ijki + ^{gug'jk + 9jk9ii - 9ik9ji - 9ji9[k) + lj^i.9[k9'ji - 9a9'jk) 



(7.9) ^Vfc^?:, - ^V,gl, = 

(7.10) - ^^7^%^?;, = 0. 

We will verify (I7.8p - (l7.10p by direct calculation. 

Begin with fITJOD . Differentiating (O) gives g'/j = 2PikP^j. Now g'^ = , 
so using (I7.4p gives g^'^g'ipg'jq = 4:PikP^j. This proves (I7.10p . 

Next consider (17. 9p . Differentiating (17.70 with respect to p gives 

^\/kg■,=2PiJ,k + ^P\^PJ)l,kP. 

Using (I7.4p gives 

y^lP^ k,(ig'j)m = 2V"^ iP'' k,{iPj)aU"' rn = ^P'' k,{iPj)l- 

Applying (17. 5p and combining terms gives ^'^k9ij = 2Pij^k, so (17. 9p holds. 
To prove (17. Sp . note first that an easy calculation shows that 

9tj - \p9ij = Uij. 

Thus we obtain 

9i[i9'k]j + 9j[k9'i]i - P9\\i9'k\3 = {9- \p9')iyi9'k]j +{9- W)j[k9i]i 

= Ui[ig'k]j + Uj[kg^^. 

Substituting (I7.4p gives 

9i[l9'k]j + 93[k9'l\i - P9'i[l9k]j = ^Ui'U-' {la[lPk]b + lb[kPl]a) ■ 
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But the hypotheses of Proposition 17.21 imply that 

'^Rabkl = —2 (7a[«-Pfc]b + lblkPl]a) 

in all dimensions: this is automatically true for n = 3, is true for n > 4 because 7 
is locally conformally flat, and is true for n = 2 because P,* = |-R and the space of 
algebraic curvature tensors is one- dimensional. (17. 8p follows upon combining with 
dZS]). □ 

We next sketch another proof of Proposition 17.21 suggested by the discussion in 
[SSj which avoids the calculations of Lemma 17.31 One first verifies f l7.10p exactly 
as above, which is very simple. According to fl6.ll) . this means that Rooijoo = 0. 
This implies that the Bianchi identity Rooi[jk,oo] = reduces to Rooijk,oo = 0. Write 
the covariant derivative as the coordinate derivative plus ChristofFel symbols and 
use f l3.16p . One finds that the components Rooijk satisfy a system of equations of 
the of the form 

9pRooijk ~l~ ijkRoopqr 0; 

where A^'^^ij^ is smooth. For each point of M, this is a linear system of ordinary 
differential equations in p, so Rooijk = so long as this holds at p = 0, which 
follows easily from the hypotheses on Pij. Finally one applies the same argument 
to the Bianchi identity Rij[ki,oo] = to deduce that Rijki = 0. 

A consequence of Proposition 17.21 is the fact that for (M, [7]) locally conformally 
flat, an ambient metric can be chosen which is fiat in a neighborhood of ^ x {0} 
(as opposed to just to infinite order), or equivalently that a Poincare metric can 
be chosen which is hyperbolic. 

The arguments in }SSj and [Elj used to derive the form of a hyperbolic Poincare 
metric also give uniqueness of the solution up to diffeomorphism in an open set, 
not just to infinite order. This may be of some interest in hyperbolic geometry, 
particularly the distinction between the cases n = 2 and n > 2. We formulate the 
Poincare metric version rather than the ambient metric version of the result. 

Theorem 7.4. Let 'y be a smooth metric on a manifold M , and let be a hyper- 
bolic Poincare metric defined on M^, where M_|_ is a neighborhood of M x {0} in 
M X [0,00), with conformal infinity (M, [7]). Then there is a neighborhood U of 
M X {0} in M X [0, 00) and a diffeomorphism (p mapping U into M+ which restricts 
to the identity on M x {0}, so that 

(7.11) <j)*g+ = r-^dr^ + gr), 

where 

i.9r^ij 7jj Rij^ ~^ '^PikP 

and: 

• Ifn>3,Pis the Schouten tensor of'j. 
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• If n = 2, P is some symmetric 2-tensor on M satisfying 
Pi' = \R and Pij^ = \Ri. 

Proof. Take W, as in Proposition 14.31 so that (j)*g+ is in normal form relative to 
7. Since (7+ is hyperbolic, the ambient metric determined by (j)*g^ by the change 
of variable p = —\r'^ is flat and in normal form. Its curvature is given by (16. ip . In 
particular, we have (17.101) . Differentiating (17.101) with respect to p and substituting 
(I7.10p for the second derivatives which occur gives g'l- = 0, where ' = dp. Thus gij 
is a quadratic polynomial in p. 

We saw in Chapter [6] that for n > 3 the Weyl and Cotton tensors of 7 can 
be recovered by restricting the curvature tensor of ^ to p = 0. Since g is flat, 
7 is locally conformally fiat. The uniqueness parts of Proposition 17.11 and Theo- 
rem 13.71 now show that the p and p^ coefficients of gtj must be of the form given 
in Proposition 17.21 □ 

In particular. Theorem 17.41 implies that if n > 3, any two conformally compact 
hyperbolic metrics with the same conformal infinity are isometric in a neighbor- 
hood of the boundary by a diffeomorphism which restricts to the identity on the 
boundary. The same result holds for n = 2, except that one must require not 
only that the conformal infinities agree but that the coefficients Pij agree as 
well. The proof of Theorem 17.41 is valid with weaker regularity hypotheses than 
our usual assumption that the compactification of g+ is infinitely differentiable. 
There is an equivalent statement of Theorem 17.41 in terms of fiat ambient metrics, 
whose formulation we leave to the reader. 

Finally, we note that the argument of Theorem 17.41 can be used to give yet 
another proof of Proposition 17. 2[ If n > 3 and 7 is locally conformally fiat. 
Proposition 17. II shows that there exists a straight ambient metric for (M, [7]) which 
is fiat to infinite order. Put this metric into normal form relative to 7. The 
argument of Theorem 17.41 shows that modulo terms vanishing to infinite order, the 
corresponding gp must be a quadratic polynomial in p and its coefficients must be 
given by (17. ip . If one takes gp to equal this quadratic polynomial, then g is real 
analytic in p. Since its curvature tensor vanishes to infinite order at p = 0, it must 
vanish identically, so g is fiat as desired. The same argument applies for n = 2 as 
well, using Theorem 13.71 and the discussion after Proposition 17.11 to conclude the 
existence of a straight ambient metric having the prescribed initial asymptotics 
which is fiat to infinite order. 

Consider next the case of conformal classes [g] containing an Einstein metric. 
For this discussion we assume n > 3. We already noted in Chapter [3] that if g is 
Einstein, with Rij = 2\{n — l)gij so that Pij = Xgij, then 

(7.12) g = 2pdt^ + 2tdtdp + t^gp, gp = {l + \pfg, 

is straight, Ricci-fiat, and in normal form relative to g. In the Poincare realization, 
this is a reformulation of the familiar warped product construction of an Einstein 
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metric in n+1 dimensions from an Einstein metric in n dimensions (see for example 
[Be]): for A 7^ 0, under the change of variable r = \J —1p = \J^\^~^ ^^e associated 
Poincare metric becomes 

(7.13) g+ = {dr^ + (1 - iAr^)^^) = dv"^ + 2|A| tp{v) g, 

where 

sinh^ V for A > 
cosh V for A < 0. 

For A = 0, the corresponding change of variable is r = e~^, giving = dv"^ + e^^g. 
See also |GrHlj . [Leit] . |Leisj . |Arj . The explicit representation (17.121) has been 
generalized to the case of certain products of Einstein metrics in |GoLj . See also 
the remarkable examples of Nurowski [N] of explicit ambient metrics. 

When n is odd, then up to diffeomorphism (17.121) is the unique ambient metric 
to infinite order. But when n is even, there are others satisfying Ric(5') = 0{p°°), 

corresponding to other choices of tf (^dp^'^ gij\p=()j in Theorem 13.101 The following 

result shows that modulo diffeomorphism, the ambient metric (17.121) is uniquely 
determined to infinite order by the conformal class alone. 

Proposition 7.5. Let g be an Einstein metric and let g be the ambient metric 
defined by (17.121) . Suppose that a conformal rescalingg = e'^'^g is also Einstein with 
constant X, and let g denote the ambient metric defined by taking gp = (1 + Ap)^^ 
in (17.121) . Then g and g are diffeomorphic to infinite order. 

Of course, the Poincare metrics (I7.13P determined by g and ^ are diffeomorphic 
to infinite order as well. As mentioned in the introduction. Proposition 17.51 was 
obtained by Haantjes-Schouten. 

We begin the proof of Proposition 17.51 by characterizing the ambient metric 
(I7.12P in terms of its curvature. 

Proposition 7.6. Let g be Einstein and letg be defined by (I7.12p . The covariant 
derivatives of curvature of g satisfy Rijkl,m---n = if at most 3 of the indices 
IJKLM ■ ■ ■ N are between 1 and n. 

Proof. First, substituting gp into (16. ip gives Roojki = and Rooijoo = 0. Now 
calculating the covariant derivatives inductively using the observations from (13.160 
that = for all A and = unless I < A < n, one finds that -Rooijoo, oo - oo = 
and Rooijk,oo-oo = 0. Also, recalling Rqjkl = and calculating gives Rooijoo,k = 
0. Inductively differentiating this relation shows that -Rooijoo, feoo - oo = 0. 

Consider now Rijkl,m---n with at most 3 indices between 1 and n. Recall from 
Proposition 16. II that a index can be removed at the expense of permuting the re- 
maining indices. Thus it can assumed that none of the indices is 0. The symmetries 
of the curvature tensor then show that Rijkl,m---n vanishes unless at least two of 
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IJKL are between 1 and n. Thus at most one of M ■ ■ ■ can be between 1 and 
n. We have shown above that all such components vanish, except for components 
Rooijoo,oo-ook<x-oo with at Icast one oo to the right of the comma before the k. This 
can be shown to vanish by commuting the k to the left: by the differentiated Ricci 
identity, one has that 

-Rooij'oo, oo^^^oo oofc oo^^^^oo -fipoijoo, oo— oo fcoopo— oo 

a b a b 

is a sum of terms of the form 

MoofcjOO-'-oo-'l' ; 

where M is one of i, j, oo and P contracts against one of the indices of the second 
factor. But it follows from what we have already shown that RQMook,oo-oo = for 
all choices of M and Q. □ 

In particular, for n even one has 

(7.14) -Roojioo,oo^ = at p = 0. 

n/2-2 



Recall from Proposition 16.61 that this condition determines tf \^dp gij\p=oj (which 

clearly vanishes in this case, so that Kij in Proposition 16.61 vanishes for an Einstein 
metric), and by Theorem 13. 101 this determines the solution to infinite order. Thus 
we have: 

Proposition 7.7. Let n > A be even. If g is an Einstein metric, then g given by 
(I7.12P is to infinite order the unique ambient metric in normal form relative to g 
satisfying Ric(5') = 0{p°°) and fl7.14p . 

The proof of Proposition 17.51 uses relations between the curvature of an Einstein 
metric g and the conformal factor relating g to another Einstein metric. Recall 
from Chapter [6] that if r > and if we divide the indices IJKLMi ■ ■ ■ Mr into three 
disjoint subsets Sq, Sm, Soo of cardinalities sq, sm, Sqq, resp., then we can define 
a covariant tensor Rso,SM,'Soa '^^ ^ of rank sm as follows. Take the derivative 
of ambient curvature Ri.jKL,Mi -Mr\p=Q,t=i, set the indices in Sq to be O's, the 
indices in iSoo to be oo's, and let those in Sm correspond to M in the identification 
^xR^M+xMxR induced by g. 

Proposition 7.8. Let g and ^ = e^^ g be conformally related Einstein metrics. 
Divide the indices IJKLMi ■ ■ ■ Mr into three disjoint subsets Sq, Sm, S^o and 
construct the tensor Rso,Sm,Soo on M as described above. Now divide Sm into two 
disjoint subsets: Sm = Ti ^ and set card(7i) = ti, i = 1, 2. Construct a 
covariant tensor Y on M of rank t2 by contracting the vector field grad T into each 
of the indices ofTi in Rso,Sm,Soc- < 3, then Y = 0. 
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For example, Proposition 17.81 asserts that 

^ ijk 1 i 1 i -riiooOa,oobcjoodook\ p=0,t=l 

Observe that the case Ti = follows from Proposition 17.61 In this case there are 
no contractions with gradT and one need not restrict to {p = 0}. 

Proof. The proof is by induction on r. By applying Proposition 16.11 we may as 
well assume Sq = 0. By Proposition 17.61 we may assume ti > 1. Also it suffices to 
consider the case ^2 = 3, since any Y with ^2 < 3 may be viewed as a contraction 
against gradT's of a F with ^2 = 3 (Proposition 17.61 shows that Y vanishes unless 
sm = h + h > 4:, so there must exist enough indices contracted against grad T's). 

For r = 0, it need only be shown that T'i?;jjfc|p=o,i=i = 0. We have seen from 
(16. ip that Riijk\p=o,t=i = Wiijk- The desired conclusion follows from the conformal 
transformation law Cijk = Cijk — T''Wiijk for the Cotton tensor and the fact that 
the Cotton tensor vanishes for Einstein metrics. ^ 

Supppose the result is true up to r — 1. Construct a tensor R0,Sm,Soo from 
RijKL,Mi---Mr\p=o,t=i as described above, where sm = ti + 3 and ti > 1. We need 
to show that the contraction of gradT into ti indices in Sm in the tensor Rq,Sm,Soo 
vanishes. Applying the Bianchi identity if necessary, we may assume that at least 
one of the indices of Sm is after the comma. By commuting derivatives, we want 
to arrange that Mr G Sm- Take the rightmost element of Sm in the list Mi ■ ■ ■ Mr 
and consider the effect of commuting it successively past each of the oo's to its 
right. According to the differentiated Ricci identity, the expression 

RlJKL — RlJKL 

k k 

is a sum of terms of the form 

Naoo,oo-^ooJ^ ) 

i 

where I < k, N E {IJKLMi ■ ■ ■ Mg}, and the second R has some list of indices 
including P but with removed. Proposition 17.61 implies that R^ Naoo,oo- oo = 0. 
Therefore the commutations introduce no new terms and we may assume that 
Mr e Sm- We write Mr = a. 
Now write 

,„ , RlJKL,Mi---Mr-ia = daRlJKL 

~ ^alRpjKL,Mi-Mr-i - - - -- T^Mr-i^IJKL,Mr-P- 

Consider the term T^jRpjKL,MvMr-i- If I = oo, (I3.16P shows that only terms with 
1 < P < n can contribute. Write p = P. The number of indices between 1 and n 
in the list pJKLMi ■ ■ ■ Mr-i is the same as in IJKLMi ■ ■ ■ Mr-ia, so the induction 
hypothesis implies that this term vanishes when restricted to p = and contracted 
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against ti factors of gradT. Similarly for the other terms involving Christoffel 
symbols. Therefore we need consider only the terms involving Christoffel symbols 
of the form F^^ with b G Sm H {IJKLMi ■ ■ ■ Mr-i}. If, for example, I = b & Sm, 
such a term is of the form 

^ab^PJKL,Mi---Mr-i = ^ab^OJKL,Mi---Mr-i + ^ab-^pJKL,Mi--Mr-i + ^'^RooJKL,Mi---Mr-i- 

The number of elements of 7^ in the list JKLMi ■ ■ ■ M^-i is of course at most 
3. Therefore the induction hypothesis implies that upon setting p = and 
contracting against the ti factors of gradT, the terms T^i,RQjKL,Mi---Mr-i and 
r'^RoojKL,MvMr-i both vanish. Similarly for the other Christoffel symbol terms 
corresponding to indices in Sm H {IJKLMi ■ ■ ■ A^r-i}- 

We have shown that we need only include terms on the right hand side of fl7.15l) 
corresponding to indices in Sm^{I JKLMi ■ ■ ■ Mr_i} and for such terms need only 
sum over p G {1, . . . Since these ambient Christoffel symbols agree with the 
ones for the metric g on M, this means that the right hand side can be interpreted 
as V aRijKL,MvMr-ii where Va is the covariant derivative on M and the tensor 
RijKL,Mi-Mr-i is to be interpreted as the rank sm — 1 tensor on M determined 
by fixing the indices in iSoo to be oo and letting the indices in Sm \ {a} vary 
between 1 and n. Since the derivative involved is tangential to Q, we can restrict 
to p = 0. We must show that we get if we contract ti factors of gradT into 
^ aRiJKL,MvMr-i- Use the Leibnitz rule to factor the Va outside the product of 
all the gradT terms with Rijkl,Mi - Mt-i^ the expense of the sum of the terms 
where the derivative hits each one of the grad T factors in turn. By the induction 
hypothesis, the contraction of all the gradT factors (except T" if it occurs) into 
RijKL,Mi-Mr-i vanishes. To handle the terms where a derivative hits a gradT, 
recall the transformation law for the Schouten tensor: 

We have Pij = Xcjij = Xe'^^Qij and Pij = Xgij. Therefore it follows that 

fij j ~\~ f 9ij 

for some function / on M. Substituting this relation for the second derivatives of 
T which arise, one sees easily that the induction hypothesis implies that all the 
terms vanish, completing the induction. □ 

Proof of Proposition \ 7.5\ We have already observed that for n odd, this follows 
from the uniqueness of the ambient metric up to diffeomorphism. So we can assume 
that n > 4 is even. 

Recall that any pre-ambient metric for a given conformal class can be put into 
normal form corresponding to any choice of representative metric. So there is a 
diffeomorphism ip such that to infinite order, ip*]) is of the form (17.1 2p but with Qp 
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replaced by some 'cjp satisfying 'go = 'g = e g- Moreover, the expansion of to 
order n/2 is uniquely determined by the Einstein condition Iiic{il)*'g) = and the 

expansion to infinite order is determined once tf ^9p^^^p|p=oj is fixed. It follows 

that gp = {1 + Xpyg + 0{p'^/'^) and ^p = (1 + Xpfg + 0(p°°) if and only if the 
curvature tensor of ip*]] satisfies (17.141) . We will show that the curvature tensor of 
ip*'g satisfies (17.141) . which will therefore prove the theorem. 

The curvature tensor of ip*]] is obtained from that of by tranforming it tenso- 
rially. The calculation of the Jacobian of ip and this tensorial transformation are 
carried out in the proof of Proposition 16.51 The result is that all components of all 
covariant derivatives of curvature of ip*]] are given by the right hand side of (16. 7p . 
Thus (17.141) is equivalent to: 

RABCD,Mi- M„/2-2\p=0P'^ooP^^P^jP^ooP^'oo " " -p^-^^-'oo = 0, 

where p^j is given by (16.81) . Expanding this out, one obtains a linear combination 
with smooth coefficients of contractions of some number (possibly 0) of factors of 
grad T with tensors Rso,SM,Sac considered in Proposition 17.81 Each contraction 
which occurs has t2 < 2, so by Proposition I7.8[ it vanishes. □ 

The existence of a unique normalized infinite order ambient metric up to dif- 
feomorphism in the locally conformally fiat and conformally Einstein cases has 
as a consequence that other invariant objects exist for such structures which do 
not exist for general conformal structures in even dimensions. An example is the 
family of "conformally invariant powers of the Laplacian" constructed in [GJMSj . 
In |GJMSj it was shown that if n > 3 is odd and /c G N, then there is a natural 
scalar differential operator with principal part (— A)'^ depending on a metric g, 
which defines a conformally invariant operator '■ S{~n/2 + k) S{—n/2 — k), 
where S{w) denotes the space of conformal densities of weight w. (Recall that 
our convention is A = V^Vj.) When n > 4 is even, the same result holds with 
the restriction k < n/2, and it was shown in [GoH] . following the special case 

= 3, n = 4 established in [GrlJ . that no such natural operator exists for k > n/2 
for general conformal structures. The conformal invariance of the operator pro- 
duced by the algorithm in |GJMSj depends only on the existence and invariance 
of the ambient metric. So it follows that when n is even and (M, [g]) is locally 
conformally fiat or conformally Einstein, there exists for all > 1 an operator 
P2k '■ S{—n/2 + k) E{—n/2 — k) with principal part (— A)'^ determined solely by 
the conformal structure. 

One can write the operator explicitly for an Einstein metric g. In |GJMS] . 
the operator arose as the obstruction to "harmonic extension" of the density. 
We briefly review the construction. A density of weight w can be viewed as a 
homogeneous function of degree on ^, and one asks for an extension to a homo- 
geneous function of degree w on Q x 'R which solves Au = to high order along 
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Q X {0}, where A denotes the Laplacian with respect to an ambient metric g. In 
the identification ^ x M = x M x M induced by a choice of metric g in the 
conformal class, we can write u = f^f, where / = f{x,p) is a function whose 
restriction to p = is the initial density on M. The equation Am = is equivalent 
to the following equation on /: 

(7.16) - 2pf" + (2w + n-2- pg'=g[^)f + A,/ + \wg^^g[J = 0, 

where ' denotes dp, gij{x,p) is as in f l3.14p . and Ap denotes the Laplacian with 
respect to gij{x,p) with p fixed. For w = —n/2 + k, the derivatives d^f\p=o for 
1 < m < k — 1 are determined successively by differentiating (17.161) with respect 
to p at p = 0, but the expression obtained by differentiating the left hand side of 
(I7.16P k — 1 times depends only the previously determined derivatives so defines an 
obstruction to harmonic extension which can be expressed modulo a normalizing 
constant as the invariant operator applied to f{x,0). For general metrics one 
must require k < n/2 if n is even because gij is then only determined to order n/2, 
but this is not necessary if the initial metric is Einstein. 

Suppose now that the initial metric g is Einstein with Ric((7) = 2X{n — l)g as 
above. Then gij{x, p) = (1 + Xp)'^gij{x, 0), so for w = —n/2 + k, (17.161) becomes 

where A = Aq denotes the Laplacian with respect to the initial metric g. It 
is clear from the form of this equation and from the inductive procedure above 
that in this case the operator takes the form = P2fc(A, A), where p2k is a 
polynomial in two real variables depending on n and k as parameters. Moreover, 
rescaling p in (I7.17P and using the fact that P2k has leading coefficient (— A)'^' shows 
that p2fc(A, A) = A^p2fc(A/A, 1). Thus P2k for Einstein metrics is determined by 
the polynomial p2A;(A, 1). In [BrJ . Branson showed that on S"", any differential 
operator P2k which defines an equivariant map : £{—n/2 — k) S{—n/2 + k) 
on densities viewed as sections of homogeneous vector bundles for the conformal 
group is necessarily a multiple of 

k 

when written with respect to the metric of constant sectional curvature 1. The 
operator P2k has this invariance property as a consequence of its naturality and 
invariance under conformal rescaling, so this determines the polynomial p2k- Thus 
we deduce 
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Proposition 7.9. If n > 3 and if g is Einstein with Ric(5') = 2X{n — l)g, then 
the operators P2k o'^e given for k > 1 by 

k 

= n (-^ + 2^^.) ' 9 = (I + J - 1) (I - j) . 

The above argument showing that the operators produced by the GJMS algo- 
rithm for the ambient metric fl7.12p of an Einstein metric are given by the same 
formula as on the sphere was presented by the second author at the 2003 AIM 
Workshop on Conformal Structure in Geometry, Analysis, and Physics in response 
to a question of Alice Chang (see jBEGWj ). One can also argue via Proposition [23] 
if n is odd or if n is even and k < n/2. In these cases. Proposition 13.51 implies that 
the coefficients of the P2k can be written solely in terms of the Ricci curvature and 
its covariant derivatives. For an Einstein metric, the covariant derivatives of Ricci 
vanish, so the formula necessarily reduces to a universal formula involving only A 
and A. Another treatment of these results has been given by Gover in [Go2j using 
tractors. 

Proposition [73] can also be derived without reference to Branson's formula on the 
sphere directly from the recursion relation obtained by successively differentiating 
( I7.17p . Upon setting A = 1, multiplying (17.171) by (1 + p)^, and differentiating m 
times, one obtains at p = 0: 

2{k-m- + [A + Am{k - m - n/2) + n{k - n/2)] 

+ m [2{m -l){k-m + l~n) +n{k- n/2)] /('""^^ = 0. 

Set (a)o = 1 and (a)^ = a{a + 1) . . . (a + m — 1) for a G C, m G N. It follows that 

{k - m)„/("^)(x, 0) = qm{y)f{x, 0) < m < - 1 

and that 

(7.18) p2fc(A,l) = 2'=g,(y), 

where y = — | [A — n{n/2 — 1)] and the Qmiy) are the polynomials of one variable 
determined by g_i = 0, go = 1 and the recursion relation 

qm+i = [y - '^m{k - m - n/2) -n{k - l)/2] qm 

— m{m — k){m — 1 + n/2){m — 1 + n/2 — k)qm-i 

for m > 0. 

Up to a normalizing factor, the polynomials of the dual Hahn 

polynomials, a family of discrete orthogonal polynomials which may be expressed 
explicitly in terms of 3F2 hypergeometric functions (see [KMj . |NSU] and the ap- 
pendix of I AWj ) . This leads to the following formula for the qm'- 

m / \ ' 

Qmiy) = $^(-l)™-'(n/2 + l)m-lik - m)m^i ( 7 ) H " ' ' 

1=0 ^ ^ 1=1 
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where for / = the empty product is interpreted as 1. Indeed, it is not difficult to 
verify directly that qm defined by this formula satisfies (17.191) . Taking m = k gives 

k 

qk{y) = X{[y-j{j-i)], 

which via (17.181) gives Proposition 17.91 

We remark that Proposition 17.91 gives a formula for Branson's Q-curvature for 
an Einstein metric. From Branson's original definition in [BrJ, one obtains imme- 
diately from Proposition 17.91 that if n is even and Hic{g) = 2X{n — l)g, then 

n/2-l 

Q{g) = {2Xr/\n-l) J] (f + J " l)(t " j)- 

8. Jet Isomorphism 

A fundamental result in Riemannian geometry is the jet isomorphism theorem 
which asserts that at the origin in geodesic normal coordinates, the full Taylor ex- 
pansion of the metric may be recovered from the iterated covariant derivatives of 
curvature. As a consequence, one deduces that any local invariant of Riemannian 
metrics has a universal expression in terms of the curvature tensor and its covari- 
ant derivatives. Geodesic normal coordinates are determined up to the orthogonal 
group, so problems involving local invariants are reduced to purely algebraic ques- 
tions concerning invariants of the orthogonal group on tensors. 

Our goal in this chapter is to prove an analogous jet isomorphism theorem for 
conformal geometry. By making conformal changes, the Taylor expansion of a 
metric in geodesic normal coordinates can be further simplified, resulting in a 
"conformal normal form" for metrics about a point. The jet isomorphism theorem 
states that the map from the Taylor coefficients of metrics in conformal normal 
form to the space of all conformal curvature tensors, realized in terms of covariant 
derivatives of ambient curvature, is an isomorphism. If n is even, the theorem 
holds only up to a finite order. In the conformal case, the role of the orthogonal 
group in Riemannian geometry is played by a parabolic subgroup of the conformal 
group. We assume throughout this chapter and the next that n > 3. 

We begin by reviewing the Riemannian theorem in the form we will use it. Fix a 
reference quadratic form hij of signature {p, q) on R"-. In the positive definite case 
one typically chooses hij = 6ij. The background coordinates are geodesic normal 
coordinates for a metric Qij defined near the origin in M" if and only if gij{0) = hij 
and the radial vector field dr satisfies V dr^r = 0, which is equivalent to V^-j^x^x^ = 
or 



(8.1) 



'^df^QijX'^ X diQji^X'^ X . 



76 



CHARLES FEFFERMAN AND C. ROBIN GRAHAM 



It is easily seen that the coordinates are normal if and only if 

(8.2) gijX^ = hijX^ . 
In fact, set Fi = Qijx^ — hijx^ and observe that 

(8.3) dkQijx'x' = x^d.Fi - Fi, dig.kx'x' = d,{x^ F^) - 2Fi. 

Clearly Fi = implies that (18.11) holds so that the coordinates are normal. Con- 
versely, if the coordinates are normal, then the fact that g and dr are parallel 
along radial lines implies x^Fj = 0. Substituting this and (18. 3p into (18. ip gives 
x^djFi = 0, which together with the fact that Fi is smooth and vanishes at the 
origin implies Fi = 0. 

We are interested in the space of infinite order jets of metrics at the origin. 
Taylor expanding shows that (18.21) holds to infinite order if and only if gij{0) = hij 
and the derivatives of gij for all orders satisfy d(^ki ■ ■ ■dkrgi)jiS^) = 0. Since a 3- 
tensor symmetric in 2 indices and skew in 2 indices must vanish, this implies in 
particular that all first derivatives of g vanish at the origin. So we define the space 
M of jets of metrics in geodesic normal coordinates as follows. 

Definition 8.1. The space M is the set of lists {g^'^\g^^\ ■ ■ .), where for each r, 
gir) g 0^M"* (g) O'^IR"* satisfies g^^^^ j^^...^. ) = 0. Here the comma just serves to 
separate the first two indices. For N >2, Af^ will denote the set of truncated lists 
{g'^'^\g^^\ . . . , 5'*-^'*) with the same conditions on the g'^'^\ 

To a metric in geodesic normal coordinates near the origin, we associate the element 
of M given by gf^j^^...^.^ = dk^ . . . dk^gij{0) for r > 2. Conversely, to an element of 
A/" we associate the metric determined to infinite order by these relations together 
with gij{0) = hij and dkgij{0) = 0. In the following, we typically identify the 
element of A/" and the jet of the metric g. 

Definition 8.2. The space TZ is the set of lists {R^^\ R^^\ . . .), where for each r, 
e /\^]R"* (g) /\^M'^* (g) l^^'W*, and the usual identities satisfied by covariant 
derivatives of curvature hold: 

(1) Ri[jkl],mr--mr = 

(2) Rij[kl,mi]m2---inr 

(3) Rijkl,mi - [ms-ims]- -mr — Qijklmi - mr 

Here Q'fjkimi-mr denotes the quadratic polynomial in the i?*^^'^ with r' < 
r— 2 which one obtains by covariantly differentiating the usual Ricci identity 
for commuting covariant derivatives, expanding the differentiations using 
the Leibnitz rule, and then setting equal to h the metric which contracts 
the two factors in each term. 

For N >0,n^ will denote the set of truncated lists (/?(°), . . . , i?^^)) with the 
same conditions on the R^'^\ 
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There is a natural map M ^ TZ induced by evaluation of the covariant derivatives 
of curvature of a metric, which is polynomial in the sense that the corresponding 
truncated maps M^^"^ TZ^ are polynomial. We will say that a map on a subset of 
a finite-dimensional vector space is polynomial if it is the restriction of a polynomial 
map defined on the whole space, and a map between subsets of finite-dimensional 
vector spaces is a polynomial equivalence if it is a bijective polynomial map whose 
inverse is also polynomial. The jet isomorphism theorem for pseudo-Riemannian 
geometry is the following. 

Theorem 8.3. The map M ^TZ is bijective and the truncated maps A/"^^^ TZ^ 
are polynomial equivalences. 

There are two parts to the proof. One is a linearization argument showing that it 
suffices to show that the linearized map is an isomorphism. The other is the obser- 
vation that the linearized map is the direct sum over r of isomorphisms between 
two realizations according to different Young projectors of specific irreducible rep- 
resentations of GL{n,M.). The reduction to the linearization can be carried out in 
different ways; one is to argue as we do below in the conformal case. The analysis of 
the linearized map is contained in |E2] . See also |ABP] for a different construction 
of a left inverse of the map M ^ TZ. 

We now consider the further freedom allowed by the possibility of making con- 
formal changes to g. 

Proposition 8.4. Let g he a metric on a manifold M and let p G M. Given Qq G 
C°°{M) with Qo{p) > 0, there isQ ^ C°°{M), uniquely determined to infinite order 
atp, such that VL — VLq vanishes to second order at p and Sym(V'~ Ric)(i7^(7)(p) = 
for all r > 0. Here Sym(V'' Ric){Q'^g) denotes the full symmetrization of the rank 
r + 2 tensor ( V Ric) (Q'^g) . 

Proof. Write Q = and set ^ = e'^^g. We are given T(p) and dT{p). Recall the 
transformation law for conformal change of Ricci curvature: 

R,, = R,, -{n- 2)T,, - Tk'^g,, + {n - 2){T,Tj - T.T^^?,,). 

Differentiating and conformally transforming the covariant derivative results in 

( Ric)jj^^_^ = (V Ric) ('^ '^)'^ ijmi---mr k mi---mr9ij ~^ lots, 

where lots denotes terms involving at most r + 1 derivatives of T. We may replace 
covariant derivatives of T by coordinate derivatives on the right hand side of this 
formula. Then symmetrizing gives 

Sym (V^c) = Sym(V'^ Ric) - [n - 2)d'+^T - Sjm{tT{d'^+^T)g) + lots. 

If c > 0, the map s s + c Sym(tr(s)5') is invertible on symmetric (r + 2)- 
tensors. Therefore, for any r > 0, one can uniquely determine d'^~^'^T{p) to make 
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Sym ( V Ric) (p) = 0. The result follows upon iterating and applying Borel's 
Lemma. □ 

We remark that there are other natural choices for normalizations of the conformal 
factor. For example, one such is that the symmetrized covariant derivatives of the 
tensor Pij vanish at p, where Pij is given by (13. 7p . Another is that in normal 
coordinates, det gij — 1 vanishes to infinite order at p (see |LP] ). 

Definition 8.5. The space jVc C A/" of jets of metrics in conformal normal form 
is the subset of A/" consisting of jets of metrics in geodesic normal coordinates for 
which Sym(V'^ Ric)(^)(0) = for all r > 0. For A^ > 2, Af^ will denote the subset 
of A/"^ obtained by requiring that this relation hold for < r < A^ — 2. 

Later we will need the following consequence of the proof of Proposition 18. 4[ 

Lemma 8.6. For each N > 3, there is a polynomial map rj^ : J\f^^^ —>■ M"* (8> 
(2)^M"* with zero constant and linear terms, such that the map g {9-,V^{g)) 
maps M^-^ M^. Here g = (g'^^K g^^\ . . . , g^''-^'^) G AC'"'- 

Proof. View g as the metric on a neighborhood of G given by the prescribed fi- 
nite Taylor expansion of order A^— 1 . Then the components of Sym( V^~^ Ric) (g) (0) 
are polynomials in the g^'^^ with no constant or linear terms. According to the proof 
of Proposition 18.41 there is a function Q of the form Q = 1 + p^ with pat a ho- 
mogeneous polynomial of degree A^ whose coefficients are polynomials in the g^'^^ 
with no constant or linear terms, such that Sym(V^~^ Ric)(fi^(7)(0) = 0. Now 
fi'^g is in geodesic normal coordinates to order A^ — 1 but not necessarily A^. How- 
ever by the construction of geodesic normal coordinates, there is a diffeomorphism 
ip = I + Qn+i, where Qn+i is a vector- valued homogeneous polynomial of order 
A^ -|- 1 whose coefficients are linear in the order A^ Taylor coefficient of ^I'^g, such 
that tp*{Q'^g) is in geodesic normal coordinates to order A^. Since the condition 
Sym(V'" Ric)(n^5)(0) = is invariant under diffeomorphisms, rj^ defined to be the 
order A^ Taylor coefficient of ilj*{fl'^g) has the required properties. □ 

If gi and g2 are jets of metrics of signature {p, q) at the origin in W\ we say 
that gi and g2 are equivalent if there is a local diffeomorphism ip defined near 
satisfying ipifi) = 0, and a positive smooth function Q defined near 0, so that 
g2 = to infinite order. It is clear from Proposition 18.41 and the existence 

of geodesic normal coordinates that any jet of a metric is equivalent to one in Afc- 
In choosing Q we have the freedom of M+ x M", and in choosing ip a freedom of 
0{p, q). We next describe how these freedoms can be realized as an action on Mc 
of a subgroup of the conformal group. 
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Recall that hij is our fixed background quadratic form of signature (p, q) on 
Define a quadratic form hjj on R""*"^ by 



h 




ij 



and the quadric Q = {[x^] : hjjx^x'^ = 0} C P"+^. The metric hjjdx^dx^ on R""*"^ 
induces a conformal structure of signature (p, q) on Q. The standard action of the 
orthogonal group 0{h) on R""*"^ induces an action on Q by conformal tranforma- 
tions and the adjoint group 0(/i)/{±/} can be identified with the conformal group 

of all conformal transformations of Q. Let cq = I G R"+^ and let P be the 

w 

image in 0(/i)/{±J} of the isotropy group {A e 0{h) : Aeo = aeo,a G R} of [eo]. 
It is clear that each element of P is represented by exactly one A for which a > 0, 
so we make the identification P = {p G 0{h) : peo = aeo, ^ > 0}. The first column 

of p G P is I ; combining this with the fact that p G 0{h), one finds that 

bj c\ ^ . 

P = ^ ^0 m'j d' \ ■.a>0, m'j G 0{h), c = -^bjV, d' = 

where hij is used to raise and lower lower case indices. It is evident that P = 
R_i_ ■ R" ■0{h), where the subgroups R+, R", 0{h) arise by varying a, bj, m^j, resp. 
The intersection of Q with the cell {[x^] : x^ ^ 0} can be identified with R" 
1 

G Q, where = hijX^x^ . In this identification, the 



via R" 3 x' 



X 

— 2 



conformal structure is represented by the metric hijdx'^dx^ on R". If p G P is as 
above, the conformal transformation determined by p is realized as 



a + bjX^ — 2'^\x\ 



and one has ip*h = Q^h for 

= {a + bjX^ — ^c\x\'^)~^. 

This motivates the following definition of an action of P on A^c. Given p E P 
as above and g G Afc, by Proposition 18.41 there is a positive smooth function ^2 
uniquely determined to infinite order at so that Q agrees with Qp to second order 
and such that Sym(V Ric)(fi2c,)(o) = for all r > 0. Now {n^g){0) = a-^h, so 
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by the construction of geodesic normal coordinates, there is a diffeomorphism 
uniquely determined to infinite order at 0, so that ip{0) = 0, f'{0) = a~^m, and 
such that [ip~^)* {Q'^ g) is in geodesic normal coordinates to infinite order. We define 
p.g = {ip~^)* (Q"^ g) . It is clear by construction of ip that p.g G M, and since the 
condition of vanishing of the symmetrized covariant derivatives of Ricci curvature 
is diffeomorphism- invariant, it follows by construction of Q that p.g G A/"c. It is 
straightforward to check that this defines a left action of P on J\fc. Note that if 
g = h, then Q = Qp and cp = ipp, so that /i is a fixed point of the action. A 
moment's thought shows that {p-gY"^^ depends only on g^^^ for s < r. Therefore 
for each N >2, there is an induced action on A^^. 

It is clear from the construction of the action that p.g is equivalent to g for all 
g G Afc and p & P. In fact, the P-orbits are exactly the equivalence classes. 

Proposition 8.7. The orbits of the P -action on Mc are precisely the equivalence 
classes of jets of metrics in Afc under diffeomorphism and conformal change. 

Proof. It remains to show that equivalent jets of metrics in AC; are in the same 
P-orbit. Suppose that gi, g2 G Afc are equivalent. Then we can write g2 = 
{if~^)*{Q'^gi) to infinite order for a diffeomorphism (p with v?(0) = and a positive 
smooth Q. We can uniquely choose the parameters a and 6 of p G P so that 
Q — Qp vanishes to second order. Since gi and g2 both equal h at 0, it follows that 
a!f'{0) G 0{h), so that we can write (p'{0) = a^^m with m G 0{h). Together with 
the already determined parameters a and b, this choice of m uniquely determines 
a p G P. Since g2 G Afc, all symmetrized covariant derivatives of Ricci curvature 
of ft^gi vanish at the origin, so Q must be the conformal factor determined when 
constructing the action of p on gi. And since g2 is in geodesic normal coordinates, 
(p must be the correct diffeomorphism, so that g2 = p.gi- □ 

It is straightforward to calculate from the definition the action on Afc of the M_|_ 
and 0{h) subgroups of P. If we denote by Pa the element of P obtained by taking 
6 = and m = I and by pm the element given by a = 1 and 6 = 0, then one finds 
that Pa acts by multiplying g^^^ by a^, and pm acts by transforming each g^^'^ as 
an element of (3)'^^^ M"*, where M" denotes the standard defining representation of 
0{h). 

The problem of understanding local invariants of metrics under diffeomorphism 
and conformal change reduces to understanding this action of P on Afc. How- 
ever, it is very difficult to analyze or even concretely exhibit the action of the M"" 
part of P directly from the definition. The ambient curvature tensors enable the 
reformulation of the action in terms of standard tensor representations of P. 

Propositions 16.11 and 16.41 show that the covariant derivatives of curvature of an 
ambient metric g satisfy relations arising from the homogeneity and Ricci-fiatness 
of the metric. These conditions suggest the following definition. 
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Definition 8.8. The space 7^ is the set of hsts . . .), such that i?^'^) e 

^2 ^ yy2 ^„+2* ^ (g)r ^„+2*^ ^^^^ g^^j^ ^Yint the followiug relations hold: 

(1) Rl[JKL],MvMr = 

(2) RlJ[KL,Mi]M2-Mr = 

(3) RjjKL,MvMr = 

(4) RlJKL,Mi-[M,^iAh]-Mr =QuKLMi-Mr 

(5) Rljm,Mi-Mr = - ELl ^IJKMs,Ml-Ms-Mr 

(6) RlJKL,Mi--MsOMs+i-Mr = 

— {s + 2)RjjKL,Mi -Mr ~ ^t=s+l-^IJKL,Mi-MsMtMs+i-Mt-Mr- 

Here, as in Definition 18. 2[ Q ijKLMi---Mr denotes the quadratic polynomial in the 
components of for r' < r — 2 which one obtains by differentiating the Ricci 
identity for commuting covariant derivatives, expanding the differentiations using 
the Leibnitz rule, and then setting equal to h the metric which contracts the two 
factors in each term. Condition (5) in case r = is interpreted as Rum = 0. 

We remark, as we did in the proof of Proposition 16.11 that condition (6) is super- 
fluous: it is a consequence of (2), (4), (5). But we will not use this fact. It will 
be convenient also to introduce the vector space T consisting of the set of lists 
{R^^\R^^\.. .) with e A^K"^^* ® A^^"^^* ® (g)''M"+2* such that (l)-(3), 
(5), (6) hold. 

We prepare to define truncated spaces 71^ for 71. Recall the notion of strength 
from Definition l6.3[ Note that it is clear that for each of the relations (l)-(6) except 
(4) in Definition 18.81 all components RijKL,Mi - Mr which occur in the relation have 
the same value for the strength of the index list of the component. For > 0, 
define the following vector spaces of lists of components of tensors. We denote by 
M. = Ml - ■ ■ Mr & hst of indices of length \M \ = r. 

= {{Rijkl,m)\m\>o, \\ijklm\\<n+4 ■ (l)-(3), (5), (6) of Definition [83] hold} 
= {iRijKL,M)\M\>o, \\iJKLM\\=N+i ■ (l)-(3), (5), (6) of Definition ESI hold} 

If RijKL,Mi- Mr is a component appearing in an element of and r > N, then 
at least one of the indices IJKLMi ■ ■ - My. must be 0. Therefore by (5) and (6), 
RijKL,Mi --Mr can be written as a linear combination of components with r replaced 
by r— 1. It follows that and are finite-dimensional. Since (l)-(3), (5) and (6) 
imply that RijKL,Ah-Mr = if \\IJKLMi ■ ■ ■ Mr\\ < 3, we have = 0^=0^^ 
and r = nM=o^*'^- 

As for (4), a typical term in QuKLivh-Mr is Raim,^^Ms,M'Rb.jkl,Mi-m,^2M" , 
where M' and M" are lists of indices such that M'Ai" is a rearrangement of 
M,+i---M^. In order that h"^^ ^ 0, it must be that \\AB\\ = 2. Therefore 
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\\AIM,_iMsM'\\ + \\BJKLMi ■ ■■Ms^2M"\\ = \\IJKLMi ■ ■ ■ Mr\\ + 2. This im- 
plies that if either \\AIMs-iMsM'\\ or \\BJKLMi ■ ■ ■ Ms-2M"\\ is greater than or 
equal to \\IJKLMi ■ ■ -MrH, then the other is less than or equal to 2. The same 
reasoning applies to all terms in QuKLMi--Mr- Since (l)-(3), (5) and (6) imply- 
that a component of an i?*^*^ vanishes if its strength is at most 3, it follows that any 
component of an i?*^*) which occurs in QuKLMi---Mr with a nonzero coefficient must 
have strength strictly less than \\IJKLMi ■ ■ ■ Mj.||. Hence we will regard (4) as a 
relation involving components with indices of strength at most \\IJKLMi ■ ■ ■ Mr\\, 
and the quadratic terms in (4) only involve components of strength less than that 
of the linear terms. With this understanding, we can now define 

n'' = {{RijKL,Mi-Au) e : (4) of Definition ES] holds}. 
We will also need the corresponding linearized spaces, in which the quadratic 
term Q^ijKLMi -Mr ™^ replaced by 0. Define vector spaces 

TTZ = {{R^^\ R^^\ . . .) G T : RlJKL,Mi--Mr = RlJKL,{Mi-Mr)} 
TIZ^ = {{RlJKL,Mi- Mr) ^ • RlJKL,Mi---Mr = RlJKL,{Mi - Mr)} 

= {{RlJKL,Mi-- Mr) ^ '^^ '■ RlJKL,MvMr = RlJKL,{Mi---Mr)} 

Then TTZ^ = 0j^=o^*^ ~ Y[m=o'^^' ■ Note that in the presence of the 

condition RijKL,Mi --Mr = RijKL,(Mi--Mr)^ condition (6) of Definition 18.81 becomes 

(8.4) RlJKL,Mr--MrO = —{^ + '^)RlJKL,Mi--Mr 

and is a consequence of (2) and (5). Note also that if {RijKL,Mi --Mr) ^ 5^^? then 

h'^^'RijKLM.-AU = and I^'^^'^Rjjklm.-m. = 0- 

For w G C, let cr^ : P ^ C denote the character cr^(p) = a~^. Since P C 

0{h) and P preserves cq up to scale, it is easily seen that T, 71 and TTZ are 
invariant subsets of the P-space H^o {^^~^^ M""*"^* ® o"_2-r) , where M""*"^ denotes 
the standard representation of P C GL{n + 2,R). These inclusions therefore 
define actions of P on these spaces. These actions of P do not preserve strength, 
but because P consists of block upper-triangular matrices, a component of p. (P) 
depends only on components of R of no greater strength. So for > there are 
also actions of P on T^, TZ^ and TIZ^ . An easy computation shows that the 
element pa E P acts by multiplying a component of strength S by a'^~^. 

We next define our main object of interest. If (7 is a metric defined in a neigh- 
borhood of G M", we construct a straight ambient metric in normal form for 
g as in Chapter [31 We then evaluate the covariant derivatives of curvature of 
the ambient metric at p = 0, t = 1 as described in Chapter [HI If n is odd, the 
values of all components of these covariant derivatives at the origin depend only 
the derivatives of g at the origin, while if n is even, this is true for components 
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of strength at most n + 1 by Proposition 16.21 If gij{0) = hij, then gjj = hjj at 
p = 0, t = 1, X = 0. In this case, Propositions 16. II and 16.41 show that the resulting 
lists of components satisfy the relations of Definition 18.81 This procedure therefore 
defines a map c : J\fc — > 7?. for n odd, and c : A/'c — > 7l^~^ for n even. Since the 
conformal curvature tensors are natural polynomial invariants of the metric g, c is 
a polynomial map. 

Proposition 8.9. The map c : A/'c ^ TZ (or TZ"'^^ if n is even) is equivariant with 
respect to the P-actions. 

Proof. Recall that the action of P on A/'c is given by p.g = {(p~^)*{Q^g), where 
and Q are determined to map g back to conformal normal form given the initial 
normalizations defined by p; see the discussion preceding Proposition 18.71 above. 
By naturality of the conformal curvature tensors, c{{ip~^)* {Q'^ g)) = {ip~^)* {c^Q"^ g)) , 
where (v^"^)* on the right hand side is interpreted as the pullback in the indices 
between 1 and n of each of the tensors in the list, leaving the and oo indices 
alone. And c{fl'^g) is given by Proposition 16. 5[ We use these observations to check 
for each of the generating subgroups 0{h), R+ and M" of P that c{p.g) = p.{c{g)), 
where the P-action on the right hand side is that on H^o (0^^*^ ® cx_2~r) ■ 

For p = pm, we have f2 = 1 and (p{x) = mx, so c{pm-g) = {^^^)*c{g) is obtained 
from c{g) by transforming covariantly under 0{h) the indices between 1 and n. 
But this is precisely how pm acts on H^o ^^^^ M"+^*. 

For p = Pa, we have (f{x) = a~^x and Q = . By Proposition 16. 5[ the compo- 
nent RijKL,MvMr for (^~^g is that for g multiplied by a'^'^°°~^. Since (v^"^)* acts by 
multiplying this component by a**^, it follows that the components of c{pa-g) are 
those of c{g) multiplied by 0^*^+^"*°°"^ = a"^"^, where S = \\IJKLMi ■ ■ ■ Mr\\. But 
we noted above that this is precisely how Pa acts on H^o {^'^^^ M"'+^* ® o"-2-r) • 

Finally, for p = p^, we have v''(0) = / and 1] = 1 — + 0(|a;p), so that the 
components of cllip"^)* {Q"^ g)) are given by Proposition 16.51 with Tj = — 6j. But 
this is precisely how pb acts on H^o M"+^*. □ 

Let us examine more carefully the equivariance of c with respect to the subgroup 
M_i_ C P. The component RijKL,Mr - Mr of c{g) is a polynomial in the components of 
the g^'^\ and this equivariance says that when the g^^^ are replaced by a'^g^^\ then 
RijKL,Mi-Mr is multiplied by a^~^ with S = \\IJKLMi ■ ■ ■ Mr\\. In particular, 
RijKL,Mi---Mr can only involve g^^^ for s < S* — 2. This implies that for each > 
(satisying also A^ < n — 3 for n even) , c induces a P-equivariant polynomial map 
: M^^"^ — > TZ^ . Clearly these induced maps satisfy the compatibility conditions 
c^~^7r7v+2 = t^nC^ , where vtat : Aff — > Af^~^ and ttat : TZ'^ IZ'^^^ are the natural 
projections. 

The main result of this chapter is the following jet isomorphism theorem. 
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Theorem 8.10. Let N > and assume that N < n — 3 if n is even. Then TZ 
is a smooth submanifold of whose tangent space at is TTZ'^ , and the map 
: M^^'^ TZ^ is a P-equivariant polynomial equivalence. 

For n odd, it follows that c : Mc ^ 7^ is a P-equivariant bijection since c is the 
projective limit of the c^. 

It will be convenient in the proof of Theorem 18.101 to use Theorem 18.31 to realize 
Mc in terms of curvature tensors on rather than Taylor coefficients of metrics. So 
we make the following definition. Recall the space TZ introduced in Definition 18.21 

Definition 8.11. Define the space TZc C 7?. to be the subset consisting of lists of 
tensors {R^^\ R^^\ . . .) satisfying in addition to the conditions in Definition 18 . 21 the 
following: for each r > 0, 

(8.5) Sym(/^^'^4L,™^_J = 0. 

Here Sym refers to the symmetrization over the free indices jlrrii ■ ■ ■ rrir- For > 0, 
by TZ^ we will denote the corresponding set of truncated lists {R^^\ R^^\ . . . , R^^^). 

For r, > 0, we define also the following finite-dimensional vector spaces: 

r"- = e A^K"*® A^^"*®®''^"* : (EiSD and (1), (2) of Definition hold} 

^ {R^ ^ G T . Rijkl,mi---mr Rijkl,{mi---mr)} 

The bijection M ^ TZ asserted by Theorem 18.31 clearly restricts to a bijection 
Nc TZc whose truncated maps Af^'^'^ TZ^ are polynomial equivalences. By 
composition, we can regard c and the as defined on the corresponding TZc and 
TZ^ . In the following, we will not have occasion to refer to Mc and Mc^'^i so 
no confusion should arise from henceforth using the same symbols c and for 
the maps defined on TZc and TZ^ . We can transfer the action of P on Mc to TZc- 
The element pa acts on TZc by multiplying R^"^^ by a^'^"^; this same prescription 
gives an R+ action on for > 0. The ]R_|_-equivariance of implies that a 
component RijKL,MvMr of c^{R) with \\IJKLMi ■ ■ ■ Mr\\ = iV + 4 can be written 
as a linear combination of components of R^^^ plus quadratic and higher terms in 
the components of the R^^^ with r < N — 2. 

Our starting point for the proof of Theorem 18.101 is the following lemma. 

Lemma 8.12. For each N > 0, the subset TZ^ C is a smooth submanifold 
whose tangent space at is TTZ^ . 
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Proof. We will show that for each > 1, there is a polynomial equivalence $ : 
q-N _^ q-N satisfying d$^(0) = / and $^(7^f x a^) = . Upon iterating this 
statement and using cr° = 7^° = TTZ^, we conclude the existence of a polynomial 
equivalence : —>■ whose differential at is the identity, and which maps 
TTZ'^ — i> TZ^ . The desired conclusion follows immediately. 

When reformulated in terms of the spaces 7^^, Lemma [8.61 asserts the existence 
for each > 1 of a polynomial map r] : r^-i ^ (gj'^+'M"* with zero constant 
and linear term, such that the map : R {R, t]^{R) ) sends TZ^~^ — >■ TZ^ . Here 
R denotes the list constituting an element of T^~^. There is no loss of generality in 
assuming that r]^{T^-^) C so that A^ : T^-^ . Define $^ : ^ 

by = (i?, + v^iR))- It is evident from the form of the relations 

defining that $^(7^f xa^) = 7^f, and clearly (<l>^)-i(i?, = 
r/^(i?)). □ 



We remark that the same proof could have been carried out in terms of the spaces 
of normal form coefficients, and shows that the subset A/'j^ C A/"^ is a smooth sub- 
manifold whose tangent space at is obtained by linearizing the equation obtained 
by writing flS.Sp in terms of the normal form coefficients gij^ki-K- 

At this point we do not know that TZ^ is a submanifold of with tangent 
space TTZ^ , but it is clear that the tangent vector at to a smooth curve in 
TZ^ must lie in T7Z^ . So we conclude for the differential of at the origin 
that dc^ : TTZ^ TTZ^ . The differentiation of the action of P on TZ^ gives a 
linear action of P on TTZ^ , and dc'^ : TTZ^ — > TTZ^ is P-equivariant. By M+- 
equivariance and linearity of dc'^ , it follows that dc^ decomposes as a direct sum 
of maps o"^^ —>■ a^'^ for < M < A^. By the compatibility of the as A^ varies, 
the map a^^ a^^ is independent of the choice of A^ > M, so we may as well 
denote it as dc : The main algebraic fact on which rests the proof of 

Theorem 18.101 is the following. 

Proposition 8.13. For N > (and N < n — 3 if n is even), dc^ : is 
an isomorphism. 

Proof of Theorem \8.1U\ using Proposition \8.1!A We prove by induction on A^ that 
there is a polynomial equivalence : —>■ satisfying (i$^(0) = / and 
(^N (j^N-i ^ -Af-j _ j^N ^ ^^^^ . j^N _^ j^N -g polynomial equivalence. Just 
as in the proof of Lemma 18.121 iterating the first statement provides a polynomial 
equivalence : whose differential at is the identity and which maps 

T7^^ — > TZ^ , from which follows the first statement of Theorem 18.101 

For A^ = 0, we can take $^ to be the identity. Since 7^° = T7^° = a°, = 
TIZ^ = and c° is linear and can be identified with dc^, the second statement is 
immediate from Proposition I8.13[ 
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Suppose for some > 1 that we have the polynomial equivalence $^ ^ and 
we know that c^~^ is a polynomial equivalence. Recall the polynomial maps 
. ^N~i _^ ^N^ ^jv . ^ . ^ constructed in 

Lemma [8.61 and Lemma [8.121 By the induction hypothesis that c^~^ is a polyno- 
mial equivalence, we conclude that there is a polynomial map : T^^^ — > 
such that A^(7^^~^) C TZ^ and such that the diagram 



7^ 



n 



N 



n 



N-l 



n 



N 



commutes. Using the compatibility of c^~^ and and the form of the map A^, 
one sees that A^ can be taken to have the form A^{R) = {R,rj'^ [R)) where rj'^ : 
T^~^ has no constant or linear terms. Now define the map $^ : — > 

by $^(^, ^(^)) = [R, R^^^+^^{R)). Clearly rf$^(0) = /, and ^^{jz^-^ x a^) = 
TZ^ by the form of the relations defining TZ^ . It is a straightforward matter to 
check that the diagram 



7^ 



N 



7^^-l X 



N 



commutes. By the induction hypothesis and Proposition 18.131 the vertical map 
on the left is a polynomial equivalence. We conclude that is also a polynomial 
equivalence, completing the induction step. □ 

Proof of Proposition \8.1'^ The proof has two parts. We will first construct an 
injective map L : . We will then show that dc^ : is injective. 

These statements together imply that dim(cr^) = dim(a^), from which it then 
follows that dc^ is an isomorphsim. 

Let {RijKL,M\- Mr) ^ 3^^- We can consider the components Rijki,mi-mM which 
all the indices lie between 1 and n. This defines a map L : a — > 
Q^R'^*, and clearly everything in the range of L satisfies conditions (1) and (2) 
of Definition 18.21 We claim that everything in the range of L also satisfies fl8.5p . so 

that Condition (3) of Definition 18.81 implies h^^ RjjKi,mi-mN = 0- 

This can be written as 

RjoolO,m\-- mj^ ~\~ RloojO,mi --mff ~l~ h Rijkl,m\-- mj^ 0. 

If we apply condition (5) of Definition 18.81 to Rjooio,mi- -mN and then symmetrize 
over jlmi ■ ■ ■ mj\j, the result is by the skew symmetry of i?*^^) in the second 
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pair of indices. Similarly for Rioojo,mi-mN- It follows that the symmetrization of 
h^''Rijki,mv mN vanishes. This proves that (18. 5p holds. 

Next we show that L is injective. We claim that for {RijKL,Mi - Mr) ^ '^^ i any 
component RijKL,Mi -Mr can be written as a linear combination of components in 
which none of the indices IJKLMi ■ ■ ■ is oo. We first show that any component 
can be written as a linear combination of components in which none of IJKL is 
oo. To see this, note that (18. 4p and h^^ RijKA,BMi---Mr = imply 

— (r + 2)RjjKco,MvMr = RlJKoo,OMi-Mr = — RlJKO,ooMvMr ~ h""^ RlJKa,bMi---Mr- 

Thus a component RijKL,Mi - Mr in which L = oo can be rewritten as a linear com- 
bination of components in which L ^ oo and UK remain unchanged. Repeating 
this procedure allows the removal of any cx)'s in IJKL. The same method allows 
the removal of oo's in Mi ■ ■ ■ Mj^: from (18.41) and h^^ RijKL,ABM2-Mr = 0, one has 

— 2(r + 2)RijKL,ooM2-Mr = 2RljKL,0ooM2--Mr = —h""^ RlJKL,abM2-Mr- 

Thus all cx)'s can be removed as indices. Now (18. 4p and (5) of Definition 18.81 can be 
used to remove any O's as indices at the expense of permuting the remaining indices 
between 1 and n. It follows that any component Rijkl,Mi - Mt can be written as a 
linear combination of components in which all indices are between 1 and n. Thus 
L is injective. 

It remains to prove that dc^ is injective. If Rijki,mi---mN £ cr^, we set Rji^mv-mM = 

h Rijkl,m\- -mfi ) Rmi---mM Rjl,mi- -mM and 

2)Pjk,mi---mff Rjk,mi--mM Rm\--mM^jk / 2{tI 1). 

We also denote by Wijki,rm-mM ^ t\ ® t\ ® the tensor obtained 

by taking the trace- free part in ijkl while ignoring mi ■ ■ ■ mjy: 

(8.6) ^^ijkl,mi---mff Rijkl,mi---mff '2hiyP^k,mi---mffhji -\- 2,hk[j ■Pi]l^rni---mpf ■ 

Then Wijki,mi---mM satisfies (1) of Definition 18.21 but not necessarily (2). We also 
define 

Contracting the second Bianchi identity (2) of Definition [8]2] in the usual way shows 

that W jkl,imi---mM—i ("^ '^)Cjkl^mi---mj\i^i and P j^imi---mM~i ^ « JTii-'-rriiv-i ■ 

Lemma 8.14. Let Rijki,mi-mM e a^. If n > A and Wijki,mi-mN = 0, then 

Rijkl,mi---m[si 0' 3 and Cjkl,mi---rn]\j_i 0, then Rijkl,mi-- Tnj^ 0. 

Proof. If = 0, this follows from the decomposition of the curvature tensor into 
its Weyl piece and its Ricci piece. Suppose > 1. If n > 4, the contracted Bianchi 
identity above shows that Cjki^mi-mN-i = which is our hypothesis if n = 3. (The 
hypothesis Wijki^mi-mN = for n > 4 is of course automatic for n = 3.) Thus 
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we conclude for any n that Pj[kfirm-mM-i = 0, so Pij^mi-mM = P{ij,m^-mM)- Since 
Rijki,mi-mN ^ (^^y we also have R(ij^mi-mN) = 0- Therefore 

Now h'^P(ij,mi-mN) = h'^Pij,mi-mN = -Rmi ...m^ /2 (n - 1). Hence the symmetric 
tensor P = P{ij,mvmN) is in the kernel of the operator P — > (n— 2)P+Sym(tr(P)/i). 
This operator is injective on symmetric tensors, so we conclude that Pij,mi---m.M = 0- 
The conclusion now follows from (18. 6p . □ 

We will prove that dc^ is injective by showing that if Rijki,mi-mN ^ ker((ic^), 
then the hypotheses of Lemma 18.141 hold. To get the flavor of the argument, 
consider first the cases = 0, 1. Now is the space of trace- free curvature 
tensors. In Chapter [6l we found that Rijki = Wijki is the Weyl piece of such a 
curvature tensor. So c° is linear and is obviously injective. In Chapter [6], we also 
calculated the curvature components Roojki = Cjki and Rijki,m (see (16.31) ). We see 
that is also linear, so can be identified with dc^. If Rijki,m £ ker((ic^), we first 
conclude by considering Roojki that Cjm = 0, and then by considering Rijki,m that 
Wijki,m = (for n > 4), as desired. 

For the general case we need to understand the relation between covariant deriva- 
tives with respect to the ambient metric and covariant derivatives with respect to 
a representative g on M. Recall that the conformal curvature tensors are tensors 
on M defined by evaluating components of RijKL,MvMr at p = and t = 1. 
We can take further covariant derivatives of such a tensor with respect to g. We 
will denote by Rijkl,Mi - Mt\pi---ps the tensor on M obtained by such further co- 
variant differentiations. For example, Rijki,\m = Wijki,m, whereas Rijki,m is the 
tensor Vijkim given by (16.31) . An inspection of (I3.16P shows the relation between 
RijKL,Mi-Mrp and RijKL,Mi-Mr\p- Recalling that g-j = 2Pij at p = 0, one sees that 

RijKL,Mi-MrP~ RiJKL,MvMr\p is a linear combination of components of V-R, pos- 
sibly multiplied by components of g, plus quadratic terms in curvature. Iterating, it 
follows that RijKL,Mi-MrPi-Ps-RiJKL,Mi-Mr\pi-ps is a linear combination of terms 
of the form RABCD,Fi-Fu\qi-qt with t < s, possibly multiplied by components of g, 
plus nonlinear terms in curvature. 

We return now to consideration of dc : The symbol RijKL,Mi---Mr 

with \\IJKLMi ■ ■ ■ Mr II = -|- 4 is now to be interpreted as the linear function 
of the Rijki,mi---mN obtained by applying rfc^. Similarly, we now interpret the 
symbol RijKL,Mi-Mr\pi-Ps \\IJKLMi ■ ■ ■ Mr\\ -|-s = A^-|-4asa linear func- 
tion of the Rijki,mi - mM- Suppose that Rijki,mvmN G ker((ic^). We claim that 
RijKL,M\-Mr\pi---Ps = for \\IJKLMi ■ ■ ■ Mr\\ -|- s = A^ -|- 4. The proof is by induc- 
tion on s. For s = 0, this is just the hypothesis that Rijki,mi- -mM ^ kei^dc^). Since 
we are considering the linearization dc^ , the quadratic terms may be ignored in 
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the relation derived in the previous paragraph between ambient covariant deriva- 
tives and covariant derivatives on M. A moment's thought shows that this relation 
provides the induction step to increase s by 1. 

Taking r = 0, we conclude that RijKL,\mi-ms = for H/Jf^LH + s = N + 4. 
For IJKL = ijkl we obtain Wijki^mvmN — ^^^1 for IJKL = oojkl we obtain 
Cjki,mi-mM-i = 0- Lemma [8.141 then shows that Rijki,mi---mN = as desired. □ 



9. Scalar Invariants 

The jet isomorphism theorem 18.101 reduces the study of local invariants of con- 
formal structures to the study of P-invariants of TZ (we must of course impose 
the usual finite-order truncation for n even). An invariant theory for scalar P- 
invariants of TTZ was developed in [BEGrj . In this chapter we show how to derive 
a characterization of scalar invariants of conformal structures by reduction to the 
relevant results of |BEGrj . 

Recall that a scalar invariant I{g) of metrics of signature {p, q) is a polynomial 
in the variables {d"gij)\a\>o and | det gij\~^^'^, which is coordinate-free in the sense 
that its value is independent of orientation-preserving changes of the coordinates 
used to express and differentiate g. Such a scalar invariant of metrics is said to 
be even if it is also unchanged under orientation-reversing changes of coordinates, 
and odd if it changes sign under orientation-reversing coordinate changes. 

It follows from the jet isomorphism theorem for pseudo-Riemannian geometry 
and Weyl's classical invariant theory that every scalar invariant of metrics is a 
linear combination of complete contractions 

contr(V^i?® V^^P) 
contr(/i(g) V"^i?® ■■■O V"^i?), 

where = | det g\^^'^€ij^...i^ is the volume form with respect to a chosen orienta- 

tion and the contractions are with respect to g. Here denotes the sign of the 

permutation. Complete contractions of the first type are even and the second type 
are odd. Such an invariant of metrics is said to be conformally invariant of weight 
w if I{VL^g) = Q^I{g) for smooth positive functions Q. Under a constant rescal- 
ing g a'^g, the complete contractions above are multiplied by a~'^^~^^\ Since 
the total number of contracted indices must be even, it follows that the weight 
of a nonzero even scalar conformal invariant must be a negative even integer, and 
that of a nonzero odd scalar conformal invariant must be a negative integer which 
agrees with n mod 2. 
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Scalar conformal invariants can be constructed quite simply via the ambient 
metric. Consider complete contractions 



where now R is the curvature tensor of a straight ambient metric g for [g], fi denotes 
the volume form of g with respect to an orientation on Q induced from a choice 
of orientation on M, JIq = T jjl, and the contractions are taken with respect to g. 
When evaluated for a specific ambient metric, these contractions define functions 
on Q. The homogeneity of 5^ and T imply that the functions defined by contractions 
of the first two types are homogeneous of degree —2L — "^ri with respect to the 
dilations Sg, while those of the third type are homogeneous of degree 1 — 2L — ^ rj. 
Their restrictions to Q G Q are independent of the diffeomorphism ambiguity of 
g (we restrict to orientation-preserving diffeomorphisms for the second and third 
types) since the diffeomorphism restricts to the identity on ^. If n is odd, then the 
restriction of any such contraction to Q is also clearly independent of the infinite- 
order ambiguity in the ambient metric, so depends only on [g]. A representative 
metric g defines a section of ^, so composing with this section gives a function 
I{g) on M. The homogeneity of the contraction as a function on Q implies that 
I{VL^g) = Q'^I{g), where —w = 2L + ^ rj for the first two and —w = 2L + ^ — 1 
for the third. If we take g to be in normal form relative to g and recall the discussion 
of conformal curvature tensors in Chapter[6l it follows that in local coordinates I{g) 
does indeed have the required polynomial dependence on the Taylor coefficients of 
g. Thus I{g) is a scalar conformal invariant of weight w. This proves the following 
proposition in case n is odd. 

Proposition 9.1. If n is odd, the complete contractions (19. 2p define scalar con- 
formal invariants. The first is even and has —w = 2L + X]^*/ second and third 
are odd and have —w = 2L + ^ and —w = 2L + ^ rj — 1 . If n is even, the 
same statements are true with the restrictions L > 2 and —w < n + 2 for the first 
contraction, and —w <2n — 2 for the last two. 

By a Weyl conformal invariant of metrics, we will mean a linear combination of 
complete contractions (19.21) . all of which have the same weight, and which satisfy 
the restrictions of Proposition 19 . II if n is even. Every Weyl invariant can be written 
as a sum of an even Weyl invariant and an odd Weyl invariant. 

Before giving the proof of Proposition 19.11 for n even, we make some observa- 
tions concerning odd invariants. The Bianchi and Ricci identities imply that the 
skew-symmetrization over any three indices of V-R can be written as a quadratic 
expression in the V R with r' < r — 2. An odd contraction in (19. ip with L < n/2 
necessarily has at least three of the indices of at least one of the V^^-R contracted 



(9.2) 



contr(V'"'-R® • ■ 
contr(/i(8) V''^^® 
contr(/Io (S> V'^'-R (g) 



■■®V'^R), 
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against indices in /i. So by induction, it follows that an odd contraction in (19.11) 
can be written as a linear combination of contractions of the same form but with 
L > n/2. Similarly, contractions of the second and third types in (19.21) can be writ- 
ten as linear combinations of contractions of the same type and the same weight, 
but with L > (n + 2)/2 for the second type and L > (n + l)/2 for the third type. 
This leads to the following theorem. 

Theorem 9.2. There are no nonzero odd scalar conformal invariants with ~w < 
n. There are no nonzero odd Weyl invariants with —w < n + 1. 

Proof. The first statement is clear from the above observations since —w = 2L + 
^Tj. The same reasoning shows that there are no nonzero contractions of the 
second type in (19.21) with —w < n + 2. For contractions of the third type, one has 
—w = 2L + — 1, which is < n-|- 1 only if L = (n + 1)/2 (so n must be odd) and 
each Ti = 0. However, any such contraction must vanish. To see this, it suffices to 
take g to be in normal form. Since one of the indices of /xq is 'oo' and is contracted 
against one of the R factors, the result follows from the facts that Rqjkl = and 
5^^°° = at p = unless / = 0. □ 

Proof of Proposition \9. 1\ for n even. The discussion in the n odd case is valid also 
for n even so long as we show that the hypotheses guarantee that the restriction of 
(19. 2p to Q is independent of the 0^j{p'^f'^) ambiguity in 'g. In showing this, we may 
assume by Proposition 12.81 that Tj is in normal form relative to a representative 
metric g. 

Consider the expansion of the first contraction of (19.21) into components at p = 0. 
By the normal form assumption, we have that 'g^^ = at p = unless = 2. 
Therefore each pair of contracted indices must have strength 2 to contribute. The 
total number of indices being contracted is 4L + ^ rj. It follows that if 5*1, . . . , S'l 
are the strengths of the factors occurring in a contributing monomial, then ^Si = 
4L + ^rj = 2L — W < 2L + n + 2. As we have observed previously. Proposition [6lT] 
implies that for any r, a component of V^R vanishes unless its strength is at least 
4. So we may assume that Si > 4 for each i. Thus for any io we have 

S,, + 4(L - 1) < + ^ = ^ < 2L + n + 2. 

Therefore Si^ < n + 6 — 2L with strict inequality if Si > A for some i ^ i^. This 
implies that 5*40 < if L > 3, and that S'jp < + 1 if L = 2 and > 4 for some 
i 7^ %Q. Proposition 16.21 guarantees in these cases that the first contraction of (19.21) 
is independent of the ambiguity in Ij and defines a scalar conformal invariant. 

It remains to consider the case where L = 2 and Si = A for some i. We 
may relabel the factors in (19. 2p if necessary so that Si = 4. As noted above. 
Proposition [6l2] implies the result if 5*2 < n+1, so we are reduced to consideration of 
the case Si = 4, S2 = n+2. The only nonvanishing component with = 4 is Rijki, 
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which equals Wijki when evaluated at p = 0, t = 1. This must be contracted with 
respect to g with a component of strength n + 2. This component of strength n + 2 
must therefore have exactly four indices between 1 and n; all other indices must 
be or oo. Using fl6.ip . we may rewrite such a component as a linear combination 
of components in which does not occur as an index. Such a component has 
exactly 4 indices between 1 and n and exactly (n — 2)/2 indices which are oo. We 
investigate the dependence of such components on the 0(p"/^) ambiguity in the 
expansion of the gij{x,p) coefficient in the ambient metric (I3.14p . 

Consider the formula for a covariant derivative of curvature RijKL,Mi-Mr of a 
general pseudo-Riemannian metric in terms of coordinate derivatives of ^u- 
Beginning with 

RijKL = -j^idj^gjK + d^KdiL - djigiK - dj^gji) + {V^jTjkq - T^j^Tjlq) 

and successively covariantly differentiating, one sees that RijKL,M\- Mr = I + 11 + 
III, where I is a linear combination of terms of the form d^j^'^.p^^JjAB in which 
ABPi ■ ■ ■ Pr+2 is a permutation of IJKLMi ■ ■ ■ M^, II is a linear combination of 
terms of the form ^cD^(^Pi - Pr9^B and ^cD^m^i- -Pr9^Q which ABCDPi ■ ■ ■ Pr 
is a permutation of IJKLMi ■ ■ ■ Mr-, and III involves only d'^'g with s <r. 

Apply this observation to a curvature component Rijkl,Mi-M(„_2)/2 °f 
bient metric, where IJKLMi ■ ■ ■ ^(n-2)/2 is a permutation of ijkl po ■ — oq ,. When 

(n-2)/2 

restricted to p = 0, the terms in I and III involve only dpg{x, 0) for r < n/2 — 1. 
The terms in II may have a factor of dp^'^g{x, 0), but any such factor is multiplied 
by r^, where ab are two of ijkl. By fl3.16p . we have rj^|p=o = ~9ab- Conse- 
quently, such terms in II drop out when contracted against Wijki- It follows that 
the contraction (19. 2p is independent of the 0{p"'^'^) ambiguity as desired. 

The argument for the odd contractions is similar to that of the second paragraph 
above. We give the details for contractions of the second type. As noted previously, 
we may assume that L > {n + 2)/ 2. The total number of indices being contracted 
is now 4L + ^ + n + 2. If S'i are the strengths of the factors in a contributing 
monomial in the components of the V-R, then since the strengths of the indices 
of Jl sum to n + 2, we again have ^ S'j = 4L + ^ rj = 2L — w, and now this is 
< 2L + 2r?, — 2. As in the argument above, this implies that Si^ < 2n + 2 — 2L < n, 
so Proposition 16.21 implies that the contraction is independent of the ambiguity in 

g. □ 

We remark that one can also consider the dependence on the ambiguity in ]) 
of the first contraction in (19.20 in case L = 1. Modulo contractions with L > 2, 
the only possibilities are A'^^'^S, where S denotes the scalar curvature and A the 
^f-Laplacian. It is not hard to see that these are independent of the 0/j(p"/^) 
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ambiguity in gu as long as r < n — 2, which corresponds to —w < n. However, 
the resulting conformal invariants all vanish since Rjj = 0/j(p"/^~^). 

For an example, consider a complete contraction (19.21) in which = for all i. 
Since Rijko = 0, it follows that the resulting conformal invariant is contT{W ® 
• • • ® W) with the same pairing of the indices, where W denotes the Weyl tensor 
and the contractions are now with respect to g. Of course, this is invariant with 
no restrictions on L when n is evem ^ 

A more interesting example is ||V-Rp. Proposition 19. II implies that this defines 
a conformal invariant with —w = 6 in all dimensions n > 3. Expanding the 
contraction and evaluating the components shows that the conformal invariant is 

(9.3) \\Vf + lQ{W,U) + lQ\\Cf, 

where Vijkim is given by (16. 3p and 

When = 3 this reduces to a nonzero multiple of ||Cp. (For = 4, the expression 
involving Bij/{n — 4) in the formula for Roojki,iri\p=Q,t=i = Yjkim is replaced by an 
expression involving g'l^, but this drops out as guaranteed by Proposition 19.11 ) 

We are interested in the question of the extent to which all scalar conformal 
invariants are Weyl invariants. The results presented here resolve this question for 
all invariants when n is odd and for invariants with —w < n when n is even. A 
scalar conformal invariant is said to be exceptional if it is not a Weyl invariant. 
Theorem 19.21 shows that any nonzero odd scalar conformal invariant with —w = n 
is exceptional. These are classified as follows. 

Theorem 9.3. If n ^ mod 4, there are no nonzero odd scalar conformal in- 
variants with ~w = n. 

Ifn = mod 4, the space of odd scalar conformal invariants with —w = n has 
dimension p{n/ 4), the number of partitions ofn/A. Every nonzero such invariant 
is exceptional. A basis for this space may be taken to be the Pontrjagin invariants 
whose integrals give the Pontrjagin numbers of a compact oriented n-dimensional 
manifold. 

Proof. The proof does not use conformal invariance; these are facts about the 
space spanned by odd contractions (19. ip with 2L + ^ rj = n. As noted above, we 
may restrict consideration to contractions with L > n/2. We must therefore have 
L = n/2 and = for each i. In particular, n must be even for such a contraction 
to be nonzero. Upon decomposing R into its Weyl and Ricci pieces, the fact that 
at most two indices of fi can be contracted against any Weyl factor implies that 
the Ricci curvature cannot appear in any nonzero contraction. Therefore, an odd 
invariant with —w = n must be a linear combination of contractions of the form 
contr(//, ® W ® ■ ■ ■ ® W), where W is the Weyl tensor. Any such contraction is 

n/2 
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clearly conformally invariant. It is easily seen using the symmetries of W that 
all such contractions vanish if n = 2 mod 4 and that there are at most p(n/4) 
linearly independent such contractions if = mod 4. The Pontrjagin invariants 
are p{n/4) linearly independent invariants which are linear combinations of con- 
tractions of this type. It follows that the dimension of the space of such invariants 
is p(n/4) and that the Pontrjagin invariants form a basis. □ 

The main result of this chapter is the following. 

Theorem 9.4. Ifn is odd, every scalar conformal invariant is a Weyl invariant. If 
n is even, every even scalar conformal invariant with —w < n is a Weyl invariant. 

For n even, an extension of Theorems 19 . 31 and 19 . 41 covering all invariants is described 
in |GrH2] . A theory of even invariants of a conformal structure coupled with a 
conformal density is given in |A11] , |A12j which recovers Theorem 19.41 when applied 
to even invariants depending only on the conformal structure. 

As an illustration of the use of Theorem 19.41 consider even invariants with — w = 
4 or 6. For —w = 4, the only possible even contraction (19.21) is ||-R|P, so all 
even scalar conformal invariants with —w = 4 are multiples of For even 

invariants with —w = 6, it is easily seen that modulo contractions with L = 3, 
the only possibility with L = 2 is ||V-R|p. It follows that all even scalar conformal 
invariants with —w = 6 (in dimension n 7^ 4) are linear combinations of (19. 3p and 
cubic terms in the Weyl tensor. In general, for a given weight, work is required to 
determine which contractions are independent, but Theorem 19.41 gives a finite list 
of spanning conformal invariants. 

The first step in the proof of Theorem 19.41 is to reformulate scalar conformal 
invariants in terms of invariants of the P-action on the space of conformal normal 
forms. In general, by a scalar invariant of a group acting on a space is meant a 
scalar function on the space transforming by a character of the group. Accordingly, 
if 5 is a P-space, a real valued function Q on 5 is said to be an even (resp. odd) 
P-invariant of weight w if Qip.s) = <7w{p)Q{s) (resp. det{p)aju{p)Q{s)) for s E S, 
p & P. Equivalently, Q defines a P-equivariant map Q : S ^ (resp. det ^duj)- 
A function is said to be a P-invariant of S (or a P-invariant function on S) if it is 
a sum of an even and an odd invariant of weight w for some w. 

Proposition 9.5. There is a one-to-one correspondence between scalar conformal 
invariants of weight w and P-invariant polynomials Q on Mc of weight w. 

Proof. A scalar conformal invariant I{g) of weight w defines a polynomial Q on Mc 
by evaluation at G M". We can write / = /+ + /_, where /+ (resp. /_) are even 
(resp. odd) scalar conformal invariants of weight w. This gives Q = + Q- for 
the polynomials on A^. The definition of the action of P on jVc and the invariance 
of /+, J_ show immediately that (resp. Q-) is an even (resp. odd) invariant 
of Afc of weight w. 
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For the other direction, let Q be a polynomial invariant of Mc of weight w. If 
g is any metric defined near the origin in M", by Proposition 18.41 and the exis- 
tence of geodesic normal coordinates, we can find VL with f2(0) = 1 and (p with 
det(^'(0) > such that {^-^{n'^g) e K- Define I{g) = Q{{^~^y{n^g)). The 
element {(p^^)* {Q"^ g) of Mc is not uniquely determined, but Proposition 18. 71 and the 
normalizations Q{0) = 1, det p'{0) > imply that it is determined up to the action 
of an element p E P such that a = 1 and det(p) = 1. The assumed invariance of 
Q therefore shows that I{g) is well-defined. This well-definedness makes it clear 
that I{{p-^)*{n^g)) = I{g) for general p, n such that det(^'(0) > 0, fi(0) = 1. 
The transformation law Q{Pa-^-9) = ct^Qig) for a > and g G AC: implies that 
I{a^g) = a^I{g) for a > and general g. Therefore I satisfies the conformal 
transformation law I{VL^g) = Q{0)^I{g). 

For g G A/", the Q and p are uniquely determined to infinite order if we re- 
quire also that dfl{0) = and p'{0) = Id, and the construction of the conformal 
normal form shows that the Taylor coefficients of such Q and p depend polynomi- 
ally on g E M. Therefore I{g) defines an S'0(/i) -invariant polynomial on TV. By 
the pseudo-Riemannian jet isomorphism theorem and Weyl's invariant theory, an 
5'0(/;,) -invariant polynomial on A/" is a linear combination of complete contractions 
(19. ip . so that I{g) is a scalar invariant of metrics. Combining this with the confor- 
mal transformation law established above, we deduce that J is a scalar conformal 
invariant as desired. 

The maps I ^ Q and Q I are easily seen to be inverses of one another. □ 



We will use Theorem 18.101 to transfer P-invariant polynomials from Mc to TZ. 
The next Lemma will assure when n is even that we are in the range in which 
Theorem 18.101 applies. 

Lemma 9.6. Let I{g) he an even scalar conformal invariant of weight w. The 
associated polynomial Q{g) on Mc determined by Proposition \9.5\ can be written as 
the restriction to Mc of a polynomial in derivatives of g of order < —w — 2. 

Proof. The polynomial Q{g) determined by Proposition 19.51 agrees with the re- 
striction to Mc of a linear combination of even complete contractions (19.11) with 
2L + Y^Ti = —w. Thus for each tQ we have r^g < = —w — 2L. If L > 2, 
we obtain r^^ < —w — 4, so the contraction involves at most ~w — 2 deriva- 
tives of g as claimed. Modulo contractions with L > 2, the only possibility with 
L = 1 is A^~"'~^''/^S', where S denotes the scalar curvature. But contracting 
Sym(V^ Ric)(5f)(0) = and using the Bianchi and Ricci identities shows that 
/\(-"'-2)/2^ agrees on Mc with a linear combination of complete contractions with 
L>2. □ 
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Let e denote the usual volume form on M"+^ and Eq = CqJE. Complete contrac- 
tions with respect to h of the form 

contr(^(''i)(g)---(g)^(^^)) 

(9.4) contr(e®^(^i) ® ■•■®^(''^)) 

contr(£o®^^'''^ ® •■■®^^''^^) 

define P-invariant polynomials on T with —w = 2L + ^ for the first two and 
—w = 2L + ^ Tj — 1 for the third. By a Weyl invariant of weight w oi TZ (resp. 
TTZ), we shall mean the restriction to TZ (resp. TTZ) of a linear combination of 
contractions (19. 4p of weight w. 

Lemma 9.7. When restricted to TZ, the first contraction in ( 19. 4p defines a P- 
invariant polynomial on TZ~'^~'^, i.e. it factors through the projection TZ — > TZ~^~^. 
The same statement also holds with TZ replaced everywhere by TTZ. 

Proof. The argument of the second paragraph of the proof of Proposition 19.11 
shows that when expanded, the first contraction in (19. 4p involves only compo- 
nents RijKLM with \\IJKLM.\\ < A — 2L — w. The defining relations of TZ and 
TTZ show that when restricted to either of these spaces, any such contraction with 
L = 1 can be rewritten as a linear combination of contractions with L > 2. This 
gives the bound ||/JfCLA^|| < —w, which is the desired statement. □ 

The main result we will use characterizing invariants of TZ is the following. 

Theorem 9.8. Ifn is odd, every P -invariant polynomial on TZ is a Weyl invariant. 
If n is even, every even P -invariant polynomial on TZ is a Weyl invariant. 



Proof of Theorem \9.4\ using Theorem \9.8l For n odd. Proposition 19.51 and Theo- 



rem 18.101 immediately reduce Theorem 19.41 to Theorem 19. 8[ For n even, an even 
scalar conformal invariant I{g) with —w < n determines by Proposition 19.51 and 
Lemma [9.61 an even P-invariant polynomial of weight w on A/"""^. Theorem 18.101 
shows that this defines an even P-invariant polynomial of weight w on TZ^~^. 
Theorem 19.81 asserts that as a function on TZ, this polynomial agrees with a linear 
combination of complete contractions (19.41) of weight w, and Lemma [9771 shows that 
each of these can be regarded as a P-invariant of weight w of TZ^~^. Reversing the 
steps, it follows that I{g) has the desired form. □ 

Theorem 19.81 is proved by reduction to the following, which is one of the main 
results of |BEGr] . 

Theorem 9.9. |BEGrj // n is odd, every P-invariant polynomial on TTZ is a 
Weyl invariant. If n is even, every even P-invariant polynomial on TTZ is a Weyl 
invariant. 
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Proof of Theorem \9.S\ using Theorem \9.9\ . We first extend the notion of weiglit to 
polynomials which are not P-invariant. A polynomial on T is a polynomial in the 
variables {Rijkl,m)\m\>o, subject to the hnear relations defining T. The degree of 
such a polynomial will refer to its degree in the variables {Rijkl,m)- ^ polynomial 
Q on T will be said to have weight w if it satisfies Q(j)a-{R)) = crw{Pa)Q{{R)) 
for a > 0. The linear polynomial Rijkl,m has —w = \\IJKLA4\\ — 2. Since 
RiJKL,M vanishes unless ||/ JiiTLA^H > 4, one sees that a monomial in the variables 
{Rijkl,m) must vanish if its weight w and degree d satisfy d > —w/2. Observe 
that each of the relations (l)-(6) in Definition 18.81 defining TZ states the vanishing 
of a polynomial of a specific weight, i.e. TZ is defined by polynomials homogeneous 
with respect to the action of the Pa- 

Let Q be a P-invariant polynomial of weight w on 7^, assumed to be even if n is 
even. We will show by induction that for any d > 0, Q can be written in the form 
Q = Qd + Ed on 71, where Qd is a linear combination of complete contractions (19.41) 
of weight w and Ed is a polynomial on T of weight w which is the sum of monomials 
of degree > d. The observation above implies that Ed = foi d > —w/2, which 
gives the desired conclusion. 

The induction statement is clear for c? = 0. Suppose it holds for d, so that 
Q = Qd + Ed on 71. Write Ed = E'^ + E'^, where E'^ and E'J^ are polynomials on 
T of weight w, E'^ is homogeneous of degree d, and E'^ is a linear combination 
of monomials of degree > d. Since Ed is P-invariant when restricted to 7Z, it 
follows easily using the first part of Theorem 18.101 that E'^ is P-invariant of weight 
w when restricted to T7Z. So by Theorem 19. 9[ there is a linear combination of 
complete contractions Q'^ of weight w, which we may take to be homogeneous of 
degree d as polynomials on T, such that E'^ = Q'^ on T7Z. Let Pj, i = 1,2, .. . 
be an enumeration of the polynomials on T whose vanishing defines 71, and let 
Pi denote the linear part of Pj, so that T7Z is defined by the vanishing of the Pi. 
We conclude that we can write E'^ — Q'^ = ^ UiPi as polynomials on T, where 
the Ui are homogeneous polynomials of degree d — 1 and the sum is finite. When 
restricted to 7Z, we have E'^ — Q'^ = Y^ Ui{pi — Pi). So if we set Qd+i = Qd + Q'd and 
Ed+i = E'^ + Y. Uiipi - Pi), then we have Q = Qd+i + Ed+i on 71, where Qd+i is a 
linear combination of complete contractions of weight w and Ed+i is a polynomial 
containing only monomials of degree at least d + 1. This completes the induction 
step. □ 



We remark that Theorem 19.91 also holds for odd invariants when n = 2 mod 4, 
by combining results in [BEGrj and [BaiGj . The argument given above thus shows 
that Theorem 19.81 holds also for odd invariants when n = 2 mod 4. Of course, the 
jet isomorphism theorem of Chapter [H] does not apply to higher order jets in even 
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dimensions, and TZ is no longer the correct space to study to understand conformal 
invariants. 
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